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Abstract 

The non-perturbative superpotential generated by a heterotic superstring wrapped 
once around a genus-zero holomorphic curve is proportional to the Pfaffian involving 
the determinant of a Dirac operator on this curve. We show that the space of zero 
modes of this Dirac operator is the kernel of a linear mapping that is dependent on 
the associated vector bundle moduli. By explicitly computing the determinant of this 
map, one can deduce whether or not the dimension of the space of zero modes vanishes. 
It is shown that this information is sufficient to completely determine the Pfaffian and, 
hence, the non-perturbative superpotential as explicit holomorphic functions of the 
vector bundle moduli. This method is illustrated by a number of non-trivial examples. 



1 Introduction: 



The non-perturbative superpotentials for the moduli of superstrings and M-theory have 
been calculated using string worldsheet conformal field theory H and, alternatively, by 
considering the contributions to the partition function of strings wrapped on holomorphic 
curves z in the compactification space || |J . This latter approach has been used to compute 
non-perturbative superpotentials in both weakly || and strongly |6|, [7|] coupled heterotic 
superstring theories on a Calabi-Yau threefold, as well as in other theories || [|. The 
superpotentials in heterotic string theory were found to be proportional to a factor involving 
the Wess-Zumino-Witten term, which couples the superstring to the background SO (32) and 
E 8 x E 8 gauge bundle V [|, |6], [7|]. Assuming a mild condition on the structure group, this 
factor can be shown to be the Pfaflian of a chiral Dirac operator twisted by the restriction, 
V\ z , of the gauge bundle to the holomorphic curve. In ||, it was shown that this Pfaflian and, 
hence, the superpotential will vanish if and only if V\ z is non-trivial. Furthermore, it is clear 
that the Pfaflian must be a holomorphic function of gauge bundle moduli associated with 
V\ z . However, until recently, neither the vanishing locus of the Pfaffian in vector bundle 
moduli space nor its explicit dependence on these moduli was known. This was rectified 
ITOH , where we provided solutions to both of these problems within the framework of 



m 



weakly and strongly coupled E 8 x E 8 theories compactified on elliptically fibered Calabi-Yau 
threefolds. In fllO|| , we emphasized concepts, and did not discuss details of the requisite 
mathematics. Furthermore, we applied our method to a single, non-trivial example. It is 
the purpose of this paper to greately expand on the content of JI0|] . We will present the 
complete mathematical structure and then, using this structure, compute many examples of 
non-perturbative superpotentials. 

Specifically, in this paper we do the following. In Section 2, we review the computation 
of non-perturbative superpotentials in both weakly and strongly coupled heterotic string 
theory following the approach in p, ||. The superpotentials are shown to be proportional 
to the Pfaflian of a chiral Dirac operator, D_, twisted by the vector bundle restricted to the 
holomorphic curve on which the string is wrapped. In this paper, we will compute Pfaff(T?_) 
algebraically. However, in Appendix A, an alternative form for the Pfaflian, written in terms 
of an explicit gauge one-form solution of the Hermitian Yang-Mills equations is derived. 
We discuss how non-perturbative superpotentials might be computed using this formalism. 
In Section 3, the moduli of stable, SU(n) holomorphic vector bundles, V, over elliptically 
fibered Calabi-Yau threefolds, X, are enumerated and their properties are briefly discussed. 
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Relevant information about such threefolds, and the construction of holomorphic vector 
bundles from spectral data is presented in Appendix B. We then derive an explicit formula 
for the number of vector bundle moduli when the base space of X is any Hirzebruch surface, 



that is, B = F r . These results were previously obtained in |TT|. Next, a holomorphic curve z 
is specified and the restriction of the vector bundle to the surface tt*z C X is discussed. We 
describe and enumerate the moduli associated with V\^* Z) giving an explicit formula for the 
number of such moduli when B = ¥ r and z = S. Throughout this paper, when specificity 
is required, we will restrict r = 0,1,2. The global structure of the moduli space is also 
discussed. The first part of Section 4 is devoted to presenting these restricted bundle moduli 
from the point of view of the curve z. It is shown that these moduli appear as sections of a 
specific rank n vector bundle over z. This requires expressions for the image on z of certain 
line bundles on tt*z. These expressions are derived in Appendix C. In the second part of this 
section, we compute the restriction of V to z and show that it is the image of the spectral 
data line bundle. Thus, on curve z, we completely categorize V\ z and the associated moduli. 
The main results of this paper are calculated in Sections 5 and 6. In Section 5, we first 
discuss Pfaff(P_) and show that it will vanish if and only if the dimension of the space of 
holomorphic sections h°(z, V\ z ® S"_), where 5_ is the negative chirality spin bundle on z, is 
non-zero. It is then demonstrated that h°(z, V\ z <g) S_) will be non-zero, for all vector bundle 
moduli, for a specific set of vector bundles. We then present large classes of theories with 
z = S in which, generically, h°(z, V\ z <S> S-) can vanish over a subset of moduli space. In 
these examples, the associated cohomology class H°(z,V\ z ® SL) is contained in an exact 
sequence of the form 

-> H°(z,V\ z ® S-) -> Wi ^ W 2 -> .... (1.1) 

Here, W\ and W 2 are linear spaces of identical finite dimension and, hence, linear map / 
can be represented by a square matrix. Furthermore, / is an explicit function of the vector 
bundle moduli associated with V\ z . It follows that h°(z, V\ z <8> S-) will be non-zero if and 
only if the determinant of / vanishes. Thus, the Pfaffian and, hence, the superpotential will 
vanish if and only if detf = 0. In Section 6, we compute the matrix / and its determinant 
for a number of explicit examples, all, for simplicity, with B = W r ,z = S and structure 
group G = SU(3). To begin, we present an example of the type where, although matrix / 
is non-trivial, detf vanishes for all values of the vector bundle moduli. Therefore, for this 
example, Pfaff(X>_) and the superpotential always vanish. However, we then present three 
explicit examples where detf are explicit, non-zero functions of the vector bundle moduli. 
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In one example, a polynomial appearing as a factor in detf is very lengthy and, hence, 
is presented in Appendix D. In these examples detf may vanish, but only on a divisor of 
the moduli space. Using detf, one can, in each case, explicitly compute the zero locus of 
the Pfaffian. Away from the zero locus, Pfaff(ZL) and, hence, the superpotential are non- 
vanishing. Finally, in Section 7, we show how the Pfaffian can be explicitly computed from 
the knowledge of its zero locus. We find that Pfaff(£>_) oc detf and, therefore, that the 
non-perturbative superpotential W satisfies W oc detf. Since detf was explicitly computed 
as a function of the associated vector bundle moduli in Section 6, we have determined the 
vector bundle moduli contribution to the superpotential. 

Although at first sight rather complicated to derive, the superpotential for vector bundle 
moduli potentially has a number of important physical applications. To begin with, it 
is essential to the study of the stability of the vacuum structure fT2| , of both weakly 
coupled heterotic string theory and heterotic M-theory [14, 15, 16, 17, 18, 19, |2(| [2T| . 
Furthermore, in both theories it allows, for the first time, a discussion of the dynamics of the 
gauge bundles. For example, in heterotic M-theory one can determine if a bundle is stable or 
whether it decays, via a small instanton transition [^2j , into five-branes. In recent years, there 
has been considerable research into the cosmology of superstrings and heterotic M-theory 
|23| . [24], [2f| . In particular, a completely new approach to early universe cosmology, Ekpyrotic 
theory |26| , [27| , p8~[ |29| , |30|| , has been introduced within the context of brane universe theories. 



The vector bundle superpotentials discussed in this paper and |T(| allow one to study the 
dynamics of the small instanton phase transitions that occur when a five-brane pB] , [27] or 
an " end-of-the- world" orbifold plane |28|, [29|, |3(| collides with our observable brane, thus 
producing the Big Bang. These physical applications will be discussed elsewhere. 



2 Non-Perturbative Superpotentials: 

Let us consider the long wavelength limit of Eg x Eg, heterotic superstring theory compactified 
on a Calabi-Yau threefold, X. This four-dimensional, N — 1 supersymmetric effective theory 
contains a number of chiral supermultiplets, some charged with respect to the low-energy 
gauge group and some uncharged. Of the uncharged supermultiplets, a subset corresponds 
to the moduli of the compactification. In heterotic string theory, these moduli break into two 
types, Calabi-Yau moduli corresponding to the Kahler and complex structure deformations 
of X and the vector bundle moduli. These latter fields are associated with the integration 
constants in the vacuum solutions of the Hermitian Yang-Mills equations for the gauge 
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connection on a fixed X. Here, we will simply denote any N = 1 chiral moduli superfield by 



(Y\\<), (2.1) 

where Y 1 ' is the complex scalar and X 1 ' is its spin | superpartner. The index V runs over all 
Calabi-Yau and vector bundle moduli. No matter what their origin, the dynamics of these 
moduli is given by a Lagrangian of the form 



C 4D = Kpj.duY 1 'd u Y J ' + e K i K (k 1 ' j ' D v W D j,W - 3k 2 p \W\ 

+K I ,j,\ I '3\ J ' - e^i^DpDjW)^'^' + h.c. + . . . (2.2) 



Here k 2 is the four-dimensional Newton's constant, 



Kpj, = dpdj.K (2.3) 

are the Kahler metric and the Kahler potential respectively, and 

BK 

DrW = d r W + K 2 p —W (2.4) 

is the Kahler covariant derivative acting on the superpotential W. A priori, both K and W 
are arbitrary. However, since the supermultiplets (Y 1 ' , A 7 ') correspond to the moduli of the 
compactification of the heterotic string on X, one must have 

W = 0. (2.5) 

The moduli Kahler potential, on the other hand, is non-trivial and can have a complicated 
functional structure on Y 1 ' . Fortunately, we do not need to know the explicit form of K in 
this paper. 

Both perturbative and non-perturbative quantum processes can, in principle, induce a 
non- vanishing superpotential for the moduli fields. However, it is well known that perturba- 
tive radiative corrections to the superpotential vanish. However, non-zero corrections to W 
can be generated by non-perturbative processes involving superstring instantons. Following 
the approach of [§, |J, we will calculate the non-perturbative superpotential by computing 
instanton induced fermion bilinear interactions and then comparing these to the fermion 
bilinear terms in (2~2~). In this paper, the instanton contribution arises from a heterotic 



superstring wrapped once around a holomorphic curve z C X. In order to isolate the vector 
bundle moduli contribution to the superpotential, the main objective of this paper, we find 
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it expedient to calculate the two point functions of fermions associated with the Calabi-Yau 
moduli. Denote these moduli superfields by 



(T',A£), 



(2.6) 



where index I runs over Calabi-Yau moduli only. Then the two-point function of fermions 
\ip and Aj., located at positions y\ and y2, is given by the path integral expression 



where here, and henceforth, we drop the subscript T in Xfp. Z and g are the worldsheet fields 
on the heterotic superstrings, with 



being the boson and fermion coordinates of the target superspace respectively, and g being 
the map from z to the gauge group. In addition, E^,Bmn,0 and Am are the background 
superfield vielbein, two-form, dilaton and supergauge connection in which the superstring 
propagates. S z is the heterotic string action. The result of this calculation is then compared 



to W extracted. Note that W is non-perturbative from the point of view of the string 
worldsheet theory and, hence, must be proportional to e - ^ 7 , where a' is the worldsheet 
constant. However, it does not contain the dilaton and, therefore, is perturbative in terms 
of the string coupling expansion. 

To proceed, we must present the structure of the heterotic string action S z . This action 
was discussed in || 0], where we refer the reader for details and a complete description of 
the notation. Here, we will elucidate notation only if it is relevant to our calculation. The 
action is found to be 




(2.7) 



Z = (X, Q) 



(2.8) 



to the term in fl2.2| ) proportional to (DjDjW)X 



J X J , and the non-perturbative contribution 



S z 



Ss + Swzw, 



(2.9) 



where 




(2.10) 
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with Ef = (9jZ M )E^[, couples the superstring to E^,B BA and 0, and 

i r 1 

S W zw(%, 9', A M ) = -— / da a da l tr[-Vhh ij {ui - K){uj - &j) +ie ll u i A j } 

O 71 " Jz * 

+ J_ / dV/V ;/ 'tr4^'^ (2.11) 
24 J B k j t v ; 

is the Wess-Zumino-Witten term coupling the superstring to the supergauge connection. 
Here, Aj = (<9jZ m )Am and uo is the Lie algebra valued one-form on the heterotic string 
worldsheet defined by 

u = g- x dg. (2.12) 



Using (p. 10 ) and Q2.ll ), the calculation of the non-perturbative contribution to the two- 



point function (|2.7| ) can be carried out. This calculation is technically tedious and will not 
be reviewed here. We refer the reader to || 0] for details. Suffice it to say that one proceeds 
by expanding each term in the action as a power series of the fermionic coordinate O. That 
is. 

Ss = S + S e + • • • (2.13) 

and 

Swzw — Swzwo + • • • , (2-14) 



where we only display relevant terms. In ( |2.13j ) one finds, after some rescaling of the fields, 
that 

= L B - (2 ' 15) 

Here, A(z) is the area of the curve z measured using the pulled-back target space metric, a' 
is the heterotic string parameter and B is the pulled-back bosonic two-form. Furthermore, 
the Se term can be shown to contain four- dimensional fermions X 1 that arise from the 
dimensional reduction on X of the ten-dimensional gravitino. After a long calculation || [7], 
one finds that 

<\ 1 {y 1 )\\y 2 )> oc JvXe-f^^X^y^iy,) 

J d 4 x(d L d M (e- So J Vge- Swzwo ))X L X M . (2.16) 

Note that the proportionality symbol includes three determinant factors that are not relevant 
to the discussion in this paper. Comparing these results to the (DiDjW)X i X j term in (|2.2|) , 
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and using (|2.15| ), we conclude that the non-perturbative contribution to the superpotential 



of a heterotic superstring wrapped once around a holomorphic curve z is given by 

W oc ( / Vge~ Swzwo J e~^ +i ^ B . (2.17) 



-4(z) , ■ r p. 

The e 2^7 +l J2 factor contains only the Calabi-Yau moduli and is reasonably well-known 
HI, [2|, ||, §]. In this paper, we turn our attention to the factor J Ppe w^^ , w hich depends 
on the vector bundle moduli. Although a topological criterion for the vanishing of this factor 
was given in ||, its functional dependence on the vector bundle moduli has only recently 
been computed JTD| . 

To evaluate J Vge~ Swzwo , we first note that Swzwo is precisely the expression Q2.11p 



with A, replaced by the bosonic gauge connection A4 = (diX M )A M . Let us split the ten- 
dimensional vector field Am into the four-and six- dimensional components A u and Ajj re- 
spectively. Since the holomorphic curve the superstring is wrapped on lies entirely inside the 
Calabi-Yau threefold X, we get 

Ai = {d % X u )A v . (2.18) 

Ajj is valued in the Lie algebra of structure group G C E 8 x E s and is a solution of the 
Hermitian Yang-Mills equations on X. Such a solution is called a G-instanton. At this point, 
we note that, with some restrictions, this theory can be written in a simpler form. When 
Ai = 0, the theory described by Swzwo is known |JT| to be equivalent to an 50(16) x 5*0(16) 
theory of free Weyl fermions on z of the same chirality. Now take A4 7^ 0. Since only the 
5*0(16) x 50(16) (c E s x E 8 ) symmetry is manifest in the free fermion theory, only gauge 
connection A4 with structure group 

G C 50(16) x 50(16) (2.19) 

can be coupled to fermions in the usual way. The coupling of gauge backgrounds with larger 
structure groups is far from manifest and cannot be given by a Lagrangian description. For 
these reason we assume, henceforth, that (|2.19 ) is satisfied. Note that, from a phenomeno- 



logical point of view, this restriction is not unreasonable since, as explained in a number 



of papers fl6| , [18| , |19| , |20| , pT| , realistic heterotic superstring and M-theory models always 
require the structure group to be contained in 50(16) x 50(16). With this is mind, we 
now write the action for 50(16) x 50(16) Weyl fermions coupled to a background gauge 
connection A4. Denote the Weyl fermions by ip a , a = 1, . . . , 32 where each is chosen to be a 
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section of the negative spin bundle on z, Then 

S^= da°dahr$D„ip, (2.20) 

J z 

where D_ is the chiral Dirac operator on z with gauge connection A. The subscript minus 
implies that it acts on sections of The fermion partition function is easily evaluated to 
give 

J VipV^e^ oc detV_, (2.21) 

where 




X>- = (2.22) 



and id + is the Dirac operator with vanishing gauge connection that acts on sections of the 
positive spin bundle, S + . There is one final caveat before we can determine the partition 
function J T>ge~ Swzwo . In computing the above, we have used the Swzwo action in Euclidean 
space. Hence, the fermions to which this theory is equivalent are Weyl fermions. However, the 
heterotic superstring actually propagates is Minkowski space, where the associated fermions 
are simultaneously Weyl and Majorana spinors. These have half the number of degrees of 
freedom of the Euclidean space Weyl fermions. It follows that, to avoid overcounting degrees 
of freedom, one should take the square root of the partition function. Mindful of this caveat, 
we see from the above discussion that 

Vge -s W zw K pf a ff(£>_) ; (2.23) 
where 

Pfaff(Z>_) = yJdetV_ (2.24) 

and T>- is given by (|2.22| ). This expression is the starting point of the paper. 

There are, apparently, at least two ways to evaluate Pfaff(X>_). One approach is to view 
A as a gauge connection on a stable, holomorphic vector bundle V over X using the theorems 
of Donaldson \T2\ and Uhlenbeck and Yau [33]. Pfaff(Z>_) is then a global operator on z 



twisted by the bundle V\ Z ®S- and deffi_ can be determined by purely algebraic techniques. 
This is the method we use in this paper. A second approach is to return to the original 



partition function J X>ge~ Swzw " and to evaluate it, as completely as possible, using general 
properties of solutions of the Hermitian Yang-Mills equations. This evaluation is carried out 
in Appendix A. One would then attempt to find explicit solutions of these equations on a 
Calabi-Yau threefold. These will depend, generically, on arbitrary integration constants, the 
vector bundle moduli. Inserting any such solution into J X>ge~ Swzwo would produce, after 
integration, an explicit function of the vector bundle moduli. This approach is problematic 
since, at present, no solutions of the Hermitian Yang-Mills on a Calabi-Yau threefold are 
known. Be that as it may, the importance of computing the superpotentials may provide 
an incentive for a re-examination of this question. We emphasize that the properties of 
Pfaff (£>_), such as its vanishing structure, that will be discussed in this paper might serve 
as a non-trivial guide to the construction of such explicit solutions. 

3 The Moduli of Stable SU(n) Vector Bundles: 

Let X be an elliptically fibered Calabi-Yau threefold with base B and fiber map it : X — > B. 
In this paper, we will, when specificity is required, take B to be a Hirzebruch surface 

B = F r , (3.1) 

where r is any non- negative integer. As discussed in Appendix B, a stable SU (n) holomorphic 
vector bundle V is determined via a Fourier-Mukai transformation from spectral data C and 
A/", where C is a divisor in X which is an effective, irreducible n-fold cover of the base B, 
and Af is a line bundle on X. That is 

(C,M)< — >V. (3.2) 

It is clear from this construction that the number of moduli of a stable SU (n) holomorphic 
vector bundle V is determined by the number of parameters specifying its spectral cover C 
and by the dimension of the space of holomorphic line bundles M defined on C. 

3.1 Parameters of C and the Space of Line Bundles J\f: 

The spectral cover C is a divisor of the Calabi-Yau threefold X and, hence, uniquely deter- 
mines a line bundle Ox{C) on X. Then H°(X, Ox{C)) is the space of holomorphic sections of 
Ox{C). We denote its dimension by h°(X, Ox(C)). It follows that there must exist h° holo- 
morphic sections s±, .., s h o that span this space. Note that the zero locus of any non- vanishing 
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element of H°(X, O x (C)), 

S{a t } = S^iOiSi, (3.3) 

for fixed complex coefficients determines an effective divisor C{ ai ) of X in the class of C. 
Running over all aj gives the complete set, |C|, of effective divisors in the class of C. Clearly 

\C\=FH°(X,O x (C)), (3.4) 

where the right hand side is the projectivization of H°(X, Ox{C)). It follows that 

dim\C\ = h°(X, O x {C)) - 1. (3.5) 

This quantity counts the number of parameters specifying the spectral cover C. We now 
consider the line bundles M over C. 

The set of holomorphic line bundles M over the spectral cover C is, by definition, de- 
termined by the set of holomorphic transition functions allowed on C. These, in turn, are 
specified as the closed but not exact elements of the multiplicative group C l (C, Oq) of non- 
vanishing holomorphic functions on the intersection of any two open sets in the atlas of C. 
That is, the group of line bundles of C is given by 

Ptc(C) = H 1 (C,0* c ), (3.6) 

where H l (C, Oq) is the first Cech cohomology group of 0* c on C. Clearly then, the dimension 
of the space of line bundles M over C is specified by 

dimPic{C) = h 1 (C,0* c ). (3.7) 

Putting these results together, we see that the number of moduli of a stable SU(n) holo- 
morphic vector bundle V, which we will denote by n(V), is given by 

n(V) = (h°(X, O x (C)) - I) + h\C, 0* c ). (3.8) 

We now turn to the explicit evaluation of each of the terms in this expression. 

Our basic approach to evaluating h°(X,Ox(C)) is through the Riemann-Roch theorem 
which, in this context, states that 

X e(X, O x {C)) = h°(X, O x {C)) -h' + h 2 - h 3 , (3.9) 

where xe(X,Ox(C)) is the Euler characteristic and h q for q = 1,2,3 are the dimensions 
of the higher cohomology groups of X evaluated in O x (C). To proceed, we will use the 
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fact that the stable SU(n) holomorphic vector bundles that we consider in this paper are 
positive. This allows us to employ the Kodaira vanishing theorem which, in turn, allows us 
to conclude that 



H%X,O x (C)) = (3.10) 

for q > 0. It follows that h q = for q = 1, 2, 3 and the Riemann-Roch theorem simplifies to 

X E (X,O x (C)) = h°(X,O x (C)). (3.11) 

Therefore, to evaluate h°(X, Ox{C)) we need simply to evaluate the Euler characteristic. For 
the situation at hand, the Euler characteristic is determined from the Atiyah-Singer index 
theorem to be 

XE (X, O x (C)) = i J c\{O x {C)) + ±J Cl (O x (C)) A c 2 (TX). (3.12) 

The first Chern class ci(O x (C)) is just given by C. The second Chern class of the tangent 
bundle c 2 (TX) has been found in [Q to be 

c 2 (TX) = ir*(c 2 (B) + llcl(B)) + 12a ■ n*( Cl (B)). (3.13) 

Using equation (|9.8|) for the first and second Chern classes of F r and the spectral cover 
given in equations ( |9.9| ) and ( |9.16| ), one can compute Xe(X, O x {C)). Of course, there are 
further restrictions on the integers a and b. These are 1. the non-negativity conditions ( |9.17| ) 
required to make C effective and 2. conditions Q9.18|) , ( |9.19|) and ( |9.20|) necessary to render 



C irreducible and positive. With these restrictions, equation ( |3.11|) is valid. We find that 

2 

h°(X, O x {C)) = -(An 2 - 1) + nab - {n 2 - 2)(o + b) + ar{ 1) - -to 2 . (3.14) 

We now proceed to calculate h}{C, Oq). 

To evaluate ^(C, O^), we note that it is an element in a long exact sequence of cohomol- 
ogy groups given in part by 

-> H\C, O c ) -> H\C, 0* c ) -> H 2 {C, Z) (3.15) 

where H l (C,0* c ) — > H 2 (C,Z) is the Cech coboundary operation 5\. However, using the 
Lefschetz theorem one can show that 

iJ 1 (C,Oc) = 0. (3.16) 
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Hence, the mapping 

8 1 : H\C,0* c ) -> H 2 {C,Z) (3.17) 

is injective. That is, 

Pic(C) = H\C, 0* c ) c H\C, Z). (3.18) 

Note that H 2 (C,Z) forms a rigid lattice and, hence, there are no smooth deformations. We 
conclude that 

dimH*(C,0* c ) = 0. (3.19) 

3.2 n(V) for B = ¥ r : 

We can now give the final expression for the number of moduli of a positive, stable SU(n) 
holomorphic vector bundle over an elliptically fibered Calabi-Yau threefold with base B = F r . 
The associated spectral cover is given by 

C = na + 7r*{aS + bS), (3.20) 

where the effectiveness of C requires 

a>0, b>0, (3.21) 

the irreducibility of C demands that 

b>ar, a>2n, b > n(r + 2) (3.22) 
and the positivity requirement for C implies 

a>2n, b> ar - n(r -2). (3.23) 
Using equations (pD, (gig) and ( gig) , one can conclude the following. 



• The number of vector bundle moduli is given by 

2 

Tl To ft 

n(V) = -(An 2 - 1) + nab - (n 2 - 2) (a + b) + ar( 1) - -ra 2 - 1. (3.24) 

This equation will be essential to the subsequent discussion. 
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3.3 Vector Bundles Restricted to tt*z and their Moduli: 



In this paper, we are interested in a heterotic superstring wrapped once around a genus- zero 
holomorphic curve in the elliptically fibered Calabi-Yau threefold X. In fact, the curves we 
consider are of the form 

a ■ n*z, (3.25) 

where z is a holomorphic curve in the base surface B of X. We will frequently refer to o ■ tt*z 
simply as z. It is clear, furthermore, that the superstring will couple, not to the complete 
vector bundle V but, rather, to the restriction of the vector bundle to the curve z, denoted 
by V\ z . The properties of this bundle, however, are most easily analyzed by first considering 
1^1^*2, the restriction of V to the surface n*z, to which we now turn. 

We begin by noting that the surface ir*z is elliptically fibered over the base curve z and 
that 

C\ n * z = C ■ n*z (3.26) 

is an effective, irreducible curve which is an n-fold cover of the base z. Similarly, J\f\ n * z is 
the restriction of the line bundle M to n*z. We will, to simplify our notation, denote these 
quantities by 

C = CU, N = N\^ Z . (3.27) 

Given the restricted spectral data C and N, one can construct V\ n * z via a Fourier-Mukai 
transformation. That is, 

►tV,. (3.28) 

As we did in the previous section for V, we can ask how to define and enumerate the 
vector bundle moduli associated with V\ n * z (we want to count the deformations of V\ n * z 
which come as restrictions of deformations of V, not all abstract deformations of Vl^). 
It is clear from ( |3.28| ) that the number of moduli of V\ n * z is determined by the number of 
parameters specifying the restricted spectral cover C and by the size of the space of restricted 
holomorphic line bundles N. Since the holomorphic line bundle M on the threefold does not 
have any continuous parameters, neither does its restriction. Therefore, we only need to 
consider the parameters of the spectral cover. 

The spectral cover C is a divisor of the surface ir*z and, hence, uniquely determines a 
line bundle C 7r * z (C) on tt*z. Then H°(ii*z, O t * z (C)) is the space of holomorphic sections of 
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O m * z {C). We denote its dimension by h°(7i*z, O n * z (C)). For the reasons discussed previously, 
the set, \C\, of all effective divisors in the class of C is given by 

\C\=FH (n*z,O 7T * z (C)), (3.29) 

where the right hand side is the projectivization of H°(tt*z, O n * z (C)). It follows that 

dim\C\ = h°(-K*z, O n * z {C)) - 1. (3.30) 

This quantity counts the number of parameters specifying the spectral cover C. Putting the 
results of this subsection together, we see that the number of moduli of the restricted vector 
bundle V\ n * z , which we will denote by n(V\ n * z ), is given by 

n(V\^ z ) = dim\C\ (3.31) 

and, hence, using ( |3.30|) that 

n{V\^ z ) = h°(n*z, 0^ Z {C)) - 1. (3.32) 

We now turn to the explicit calculation of h°(ir*z, 0^* Z {C)). 

To evaluate h°(7r*z, O n * z (C)) we again consider the Riemann-Roch theorem, which now 
becomes 

X e(7T*z, 0^ z {C)) = h°(n*z, 0^ Z {C)) -h x + h\ (3.33) 

where xe^z, O n * z (C)) is the Euler characteristic and h q , q = 1, 2 are the dimensions of the 
higher cohomology groups of n*z with coefficients in O n * z (C). As in the previous calculation 
of h°(X, Ox{C))i expression (|3.33|) is only useful to us if h 1 and h 2 can be shown to vanish. 



To do this, we first need to demonstrate that £? 7r *^(C) can be decomposed as 

0^ z (C) = K^ z ®L^ Z} (3.34) 

where K n * z is the canonical bundle and L n * z is a positive line bundle. If this is the case, one 
can use the Kodaira vanishing theorem which immediately imlies that 

h 1 = h 2 = 0. (3.35) 

Decomposition ( |3.34| ) can be shown for a wide class of curves z in F r . However, the calcula- 
tions are complicated and unenlightening. Recall from Appendix B that the effective curves 
S and 8 form a basis of H 2 (¥ r , M). In this paper, we will restrict our discussion to the curve 
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S. The extension of these results to 8 or other effective curves is straightforward, if tedious. 
That is, we will always choose the curve 



z — <S, 



(3.36) 



when specificity is required. S is a holomorphic curve of genus zero and, hence, S — P 1 . 
Furthermore, note from ( |9.7| ) that S 2 = — r and, therefore, S is an isolated holomorphic 
curve in F r for r = 1, 2. It then follows that a- tt*S is an isolated holomorphic curve of genus 



zero in X. We demonstrated in 11 11 that 



tt*S = K3, dP q , P 1 x T 2 



(3.37) 



for B = F , Fi and F 2 respectively. As discussed in Appendix B, for B = F r the spectral 
cover in X is of the form 



C = no + 7r*((a + l)S + b£), 



(3.38) 



where a + 1, b are integers satisfying the effectiveness, irreducibility and positivity condi- 
tions ( |9.17| ), ( |9.18| ), ( |9.19| ) and ( |9.20| ). Note that we use a + 1, rather than a, as the 
coefficient of S in (|3.38|) to match our conventions in [11]. The coefficient a + 1 signifies 
the vector bundle after the small instanton transition, when the data of a single curve S is 
added to the bundle. Using (p.7|), it then follows from ( |3.26|) and ( |3.27| ) that 



We showed in dTTH that 



C = na\^ s + {b - (a + l)r)F. 



O n . s (C) = K^s®L^ s , 



where 



(3.39) 



(3.40) 



(3.41) 



L n *s = O n * s (na\ n * s + (b - ar)F), 

and that the line bundle L^*s is positive if and only if 

b> ar -n{r -2). (3.42) 

However, this is exactly the second positivity condition in ( |9.7| ). Therefore, if C is chosen to be 
positive then so is the line bundle L n *s, and equation ( |3.35| ) holds. Therefore, equation ( |3.33| ) 
becomes 



Xe(7r*S,a.s(C)) = h\<K*S,0^ s {C)). 
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(3.43) 



The Euler characteristic and, hence, h°(ii*S, O n *s{C)) can be calculated using the Atiyah- 
Singer index theorem. We showed in [llTJ that 



rn 



W^S, CW(C)) = nb - (n 2 - 2) + — (n - 1) - r(na + 1). 



(3.44) 



As was discussed in detail in JTT|, h (ir*S, O^siC)) has a physical interpretation as the 
number of "transition" moduli associated with the small instanton transition centered on 
the curve z = S. As these transition moduli will not be the central focus of this paper, we 



refer the reader to [TT[ for details. What is directly relevant to this paper are the number 
and properties of the parameters of the projective space 



c\ = p# u (7r*s,eu s (C')) 



(3.45) 



which specify the vector bundle moduli of Vl^s. From fl3.32| ) and Q3.44 ) one can conclude 
the following. 



The number of vector bundle moduli of Vl^s is given by 



rn 



niy^s) = nb — (n — 1) + —(n — 1) — r(na + 1). 



(3.46) 



For each choice of the line bundle A/", the vector bundle moduli of V|^*5 parameterize 
the projective space 



FH°(lT*S, 0^ S {C)) ~ pn6-(n 2 -l)+^(n-l)-r(na+l)_ 



(3.47) 



To illustrate these concepts, we now present four examples that we will explore through- 
out this paper. In the first two of these examples, we will choose 



B = Fi, G = SU(3) 



and, hence, r = 1, n — 3 and 



n*S = dP 9 . 

It follows that ( |3.46| ) and Q3.47| ) become 

n(V\ dP9 ) = 3(6 -a) -6 

and 

¥H°(dP 9 ,O dP9 (C)) ~P 3 ( fe - Q )- 
16 



(3.48) 



(3.49) 



(3.50) 



(3.51) 



respectively. Furthermore, in order to assure that C is positive, we will always assume that 



a > 5. 



(3.52) 



Example 1 : In this example, take 



6 — a = 5. 



(3.53) 



Then, from ( |3.39| ) we have 



C = 3a\ dP9 +AF. 



(3.54) 



Note, that a + 1,6 satisfy (|9.17f) , (|9.18|) and (|9.19|) . Therefore, C is both effective and 
irreducible. In addition, both conditions in (|9.20|) are satisfied, guaranteeing that C and, 
hence, L d p 9 are positive. It follows that 



n(V\ 



dPg, 



(3.55) 



and 



¥H°(dP 9 , O dPg {3a\ dPg + 4F)) ~ P 9 



(3.56) 



Example 2 : In this example, choose 



6 — a = 6. 



(3.57) 



Then (|3.39|) implies 



C = 3a\ dP9 + 5F. 



(3.58) 



Integers a + 1, 6 satisfy ( |9.17| ), ( |9.18| ) and 19[ ) and both conditions in ( |9.2U| ). Therefore C 
is effective and irreducible and L d p 9 is positive. Then 



n{V\ 



dPg, 



12 



(3.59) 



and 



FH°(dP 9 , O dPg (3a\ dPg + 5F)) ~ P 



12 



(3.60) 



In the third and the fourth examples, we will take 



B = F 2 , G = SU{3) 
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(3.61) 



and, hence, r = 2, n = 3 and 

n*S = P 1 x T 2 . 
It follows that (|3.46|) and Q3.47|) become 

n(V\ F i xT 2) = 3(6 -2a) -4 

and 

FH^F 1 x T 2 ,O p i ><T 2(C)) ~ p 3 ( 6 - 2fl )- 4 
respectively. Furthermore, we will always take 

a > 5. 

Example 3 : Choose in this case 

6- 2a = 3. 

Then, we see from (|3.39|) that 

C = 3(7 pi x t 2 ~\~ F. 



Integers a + 1, b satisfy ( |9.17| ), ( |9.18| ) and ( p.l9| ) and both conditions in 
is effective and irreducible and L P i xT 2 is positive. Then 



n(V\ P i xT 2) = 5 



and 



FH^F 1 x T 2 , P i xT 2(3a| P i xr 2 + F)) ~ P 5 . 
Example 4 : Choose in this case 

b - 2a = 4. 

Then, we see from ( |3.39Q that 

C = 3<t| p i x t i 2 + IF. 



Integers a + 1, b satisfy (|9.17f) , (|9.18|) and ( |9.19|) and both conditions in 
is effective and irreducible and L P i xT 2 is positive. Then 



(3.62) 
(3.63) 
(3.64) 
(3.65) 
(3.66) 
(3.67) 

K20D . Therefore C 
(3.68) 

(3.69) 

(3.70) 

(3.71) 

r20D . Therefore C 



n(V\ F i xT 2] 



(3.72) 



and 



PiJ^P 1 x T , C P i xT 2(3a| P i xT 2 + 2F)) ~ P 8 



(3.73) 



4 Vector Bundles on the Curve z: 



4.1 Vector Bundle Moduli on z: 

For the calculation of the superpotential, it is very important to know the direct image of 
the line bundle O n * z (C) on z, that is 

7r*ewc). (4.1) 



Clearly, since C is an n-fold cover of z, ( |4.1| ) will be a rank n vector bundle over z. Since, in 
all examples in this paper, z will be chosen to be a Riemann surface of genus zero, we can 
always decompose this rank n vector bundle into the direct sum of n line bundles 



n 



©aw (4.2) 

»=i 

for some integers to*. To proceed, we once again restrict our attention to the fundamental 
curve 

z = S. (4.3) 

The extention of these results to other effective curves z is straightforward. Then, we showed 
in (|3.39|) that C has the form 

C = iUT\«. s + fF, (4.4) 

where 



f = b-(a + l)r. (4.5) 



It is possible to show, for 



B = F n*S = K3 (4.6) 

that 

n 

K*0 K3 (na\ K3 + fF) = O s (f) © O s (f - 2i), (4.7) 

i=2 

for 

B = Ft n*S = dP 9 (4.8) 
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that 

n 

n*O dP9 (ncr\ dPg + fF) = O s (f) © O s (f - i) (4.9) 

i=2 

and for 

B = F 2 n*S = P 1 x T 2 (4.10) 

that 

n 

n*0 P i xT 2(na\ r i xT 2 + fF) = O s (/). (4.11) 

8=1 

The proofs of these statements are sufficiently complicated that we present them in Appendix 
C. Expressions ( |4.7|) , ( |4.9| ) and Q4.11|) allow us to compute n^O v *s{C) explicitly as the sum 
of line bundles over S. We are particularly interested in the linear space 

H\S,ir*0^s{C)) (4.12) 

of holomorphic sections of the rank n vector bundle on S and, in particular, in its dimension 

h G {S^O^ s {C)). (4.13) 

• Let us first assume that B = F . Then 

n 

h°(K3, tt*0 K3 (C)) = h°(S, O s (f) © O s (f - 2i)). (4.14) 

i=2 

Using the fact that 

/i°(P 1 ,p pl (m))=m+l (4.15) 

for m > and 

/i (P 1 ,O D .i(m)) = (4.16) 

for m < 0, the summation 

X>^±^ (4.17) 

i=2 

and ( |4.5|) for r = 0, one can easily show that 

n 

h°(S, Os{f) © OsU - =nb-n 2 + 2. (4.18) 

i=2 

Note that this is identical to expression (]3.44|) evaluated for r = and, hence, h°(S, Os{f)i 
®" =2 Os{f — 2i)) gives the number of transition moduli for z = S and B = Fq. 
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Now assume that fi = Fi. Then 

n, 

h°(dP 9 , ^O dP9 (C)) = h°(S, O s (f) © O s (f - z)). (4.19) 

8=2 

Using fl£IgD , (pTl) and (gj) for r = 1, we find that 



h°(S, O s U) © Ostf - i)) = n(b - a - 1) + £(1 - n) + 1, (4.20) 

i=2 



which is identical to expression Q3.44Q evaluated for r = 1. Therefore, again, h°(S, Os(fY 



©™ =2 Os{f ~ i)) gives the number of transition moduli for z = S and B = F x . 
Finally, consider = F2. Then 

n 

^(P 1 x T 2 ,vr,O plxT2 (C)) = /i°(5,0O 5 (/)). (4.21) 

i=l 

Using ( |4.15 ) and (|4.5| ) for r = 2, we find that 

11 

h°(S, C? 5 (/)) = n(b - 2a - 1), (4.22) 



i=l 



which is identical to expression (|3.44|) evaluated for r = 2. Therefore, again, h°(S, ©™ =1 Os(f)) 



gives the number of transition moduli for z = S and fi = F 2 . 

The fact that h°(S, 7r*O w *s (C)) is identical to the number of transition moduli is not 
coincidental. Using a Leray spectral sequence, one can show that 

fi°(<S, 7r*a*s(C)) = H°(n*S, 0«*s{C)) (4.23) 

for any base fi = F r . It follows from this that h°(S, 7r*O n *s{C)) is the number of transition 
moduli. 

To illustrate these concepts, we now consider the four examples introduced previously. 
In the first two examples 

r = 1, n = 3, a > 5. (4.24) 

Example 1 : In this example 



b — a = 5 
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(4.25) 



and we see from (|3.54j) that 

C = 3a\ dP9 +AF. 

Then, equation (|4.9|) implies 

^O dP9 (3a\ dRj + AF) = S (4) © O s {2) © O s {l) 
Furthermore, using ( |4.15| ) we see 

h°(S,Os(4)®O s (2)®O s (l)) = 10, 
which is consistent with ( |3.55|) . 



Example 2 : In this example 



b — a = 6 



and from ( |3.58| ) 

C = 3a\ dP9 + 5F. 

Then, equation (|4.9|) implies that 

ir*O dP9 (3a\ dPg + 5F) = O s (5) © S (3) © O s (2) 



Furthermore, using ( |4.15| ) we see 

h°(S, O s (5)®O s (3)®O s (2)) = 13 
which is consistent with ( |3.59|) . 

In the third and the fourth examples, we choose 

r = 2, n = 3, a > 5. 



Example 3 : In this example 



and from ( |3.67|) 



b - 2a = 3 



C = Scrlpixj^ + F. 



22 



Then, equation (|4.11|) implies that 

7r,0 P i xT2 (3a| P i xr 2 +F) = O s (l) © O s {l) © O s (l). 



Furthermore, using ( |4.15| ) we see 

h°(S, O s {l)@O s {l)@O s {l)) = 6, 
which is consistent with fl3.68| ). 



(4.36) 



(4.37) 



Example 4 : In this example 

b - 2a = 4 (4.38) 

and from (|3.71|) 

C = 3a| P i xT 2 + 2F. (4.39) 

Then, equation ( 4.11 ) implies that 

7r,0pi xr2 (3cr|pi xT2 + 2F) = O s {2) © O s {2) © O s {2). (4.40) 



Furthermore, using ( |4.15| ) we see 

h\S,Os{2)@Os{2)®O s {2)) = 9, 



(4.41) 



which is consistent with (|3.72 ). 

Putting everything together, we can conclude the following. 

• The number of transition moduli associated with curve z can be determined as follows. 
First consider the spectral cover restricted to n*z, C. The image 



7T*C 7r * z (C) 



(4.42) 



is a rank n vector bundle over z. The number of transition moduli associated with z 
is given by 



h (z,n*O^ z (C)). 



(4.43) 



The number of vector bundle moduli associated with V\ n * z is given by the dimension 
of the projective space, that is 



n(V\ n * z ) = h°(z,^O n * z (C))-l. 
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(4.44) 



4.2 The Vector Bundle Restricted to z: 



As discussed previously , the superstring will couple to the restriction of the vector bundle to 
the curve z, V\ z . The number of moduli of V\ n * z was determined above and is associated on 
z with the image of the line bundle of C, that is, n*O n * z (C). We now want to construct V\ z 
itself. Note, however, that z is not an elliptic fibration and, hence, V\ z can not be obtained 
by the Fourier- Mukai transformation of spectral data. To construct V\ z , we need to unwind 
what the Fourier-Mukai transformation actually means. Let V be the Poincare line bundle 
on the fiber product X x B X and, hence, by restriction on X x B C. Let 7Ti and 7C2 be the 
two projections of the fiber product Ix^C onto the two factors X and C respectively. The 
fact that V is obtained by a Fourier-Mukai transformation of (C,N) means that 

V = nu{nlM\ c ®V). (4.45) 

Let us now consider the restriction, V\ a , of V to the zero section a C X. Clearly, using 
the base change theorem, this can be carried out as follows. First, restrict the line bundle 
n$Af\ c ®V on X x B Cto 

{A^\c)U b c®VU bC (4.46) 
onax B CcXx B C. Using the fact that 

ax B C = C, (4.47) 
this line bundle can be written simply as 

M\c®V\a* B c- (4.48) 

Finally, recall that 

Ti c ■ C -> B (4.49) 

is the n-fold covering map of the spectral cover onto the base. It follows that 

V\ B = 7rc*(M\c®V\ aXB c). (4.50) 

Identifying B with the zero section a, and using the fact that the Poincare line bundle 
becomes trivial when restricted to the zero section, we see that 

V\ a = ucM\c- (4.51) 
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We are now free to restrict this result to the curve z C a. Recall that we are slightly abusing 
notation. What we call the curve z is, in fact, the curve a ■ ir*z and, therefore, it is contained 
inside the global section o. Using the fact that 

M\ c = N\ c (4.52) 

we obtain the following result. 

• The restriction of the vector bundle to the curve z is given by 

V\z = kc*N\ C} (4.53) 

where 

ir c : C -> z (4.54) 

is the n-fold covering map of C onto the base curve z. 

In all applications in this paper, the curve z on which the superstring is wrapped will 
be isomorphic to P 1 . It is well known that the space of line bundles over P 1 does not have 
moduli since for a given first Chern class there is a unique holomorphic line bundle. On the 
other hand, equation (|4.53|) depends, by restriction, on the spectral cover, which does have 
continuous parameters. What happens to V\ z if we start changing the parameters of C? A 
naive answer is that nothing happens. Since the vector bundle V\ z does not have moduli, 
it can depend only on the homology class of the spectral cover but not on the choice of a 
representative inside this homology class. This answer turns out to be incorrect. In the 
next sections, by studying h° of the vector bundle V\ z <g> O z {— 1), we will discover that a 
continuous deformation of the spectral cover inside its homology class can cause a discrete 
change in the topology of V\ z . Exploring how h°(z,V\ z (g> O z {— 1)) changes as we change 
parameters of the spectral cover will allow us to compute the superpotential. 

5 General Structure of the Zeros of the Pfaffian: 
5.1 The Superpotential and the Pfaffian: 

In section 2, we showed that, in heterotic superstring theory, the superpotential is propor- 
tional to the Pfaffian of the chiral Dirac operator T>_ restricted to the curve z on which the 
superstring is wrapped. That is, 

W oc Pfaff (£>_), (5.1) 
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where 

Pfaff(XL) = y/detV_, 
X>_ , for an appropriate choice of basis of the Clifford algebra, is given by 



(5.2) 




V = \ - | (5.3) 
and 

D_ : T(z, V\ z ® SJ) -> T(z, V\ z ® S+), (5.4) 

with 

S = S+ © S_ (5.5) 

the spin bundle on the curve z. Since T>_ involves V\ z , it follows from the above discussion 
that Pfaff(£>_) will be dependent upon the moduli of V\-k* z . As discussed in ]TI|, one can 
show that 

deW^ oc v / detD_D + , (5.6) 

where 

D+ = Dl. (5.7) 

The key point in the evaluation of Pfaff(X>_) is to analyse under what circumstences it 
will vanish || |T^|. Clearly, Pfaff(P„) vanishes if and only if one or both of the operators 
D_ and D + have a non-trivial zero mode. Recall that 

indexD + = dim kerD + — dim kerD_. (5.8) 

From the Atiyah-Singer index theorem 

inde*D + = — [UT, (5.9) 
2tt J z 

where T is the curvature two-form associated with the connection A restricted to the curve z. 
Since the structure group of the holomorphic vector bundle V is contained in the semi-simple 
group E% x Eg, we see that trjF vanishes. Therefore, 

indexD + = (5.10) 
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and, hence, 

dim kerD + = dim kerD_. (5-11) 

It follows that Pfaff(P_) will vanish if and only if 

dim kerD- > 0. (5.12) 

By using the fact that operator D_ depends on a connection satisfying the Hermitian Yang- 
Mills equations, one can show JTOj] that for a special choice of the gauge one can always 



set 

£>_ = id, (5.13) 
where, for any open neighborhood in z with coordinates a and a 

8 = d^. (5.14) 
Therefore, Pfaff(P_) will vanish if and only if 

dim kerd > 0. (5.15) 



However, it follows from the equation ( |5.13|) and (|5.14j ) that the zero modes of operator d 



are precisely the holomorphic sections of the vector bundle V\ z <S> Using the fact that on 
z = P 1 

5_ = a(-l), (5.16) 

and defining 

V\ z (-l) = V\ g ®O g (-l), (5.17) 

we see that 

dim kerd = h°(z,V\ z (-l)). (5.18) 

Hence, the problem of determining the zeros of the Pfaffian of P_ is reduced to deciding 
whether or not there are any non-trivial global holomorphic sections of the vector bundle 
V A | Z (— 1) over curve z. That is, we conclude the following. 

• The Pfaffian of P_ vanishes if and only if 

h°(z,V\ z (-l))>0. (5.19) 
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An equivalent way of stating the same result is to realize that the condition for the 
vanishing of Pfaff(P_) is directly related to the non-triviality or triviality of the bundle V\ z . 
To see this, note that any holomorphic 5*0(16) x 50(16) vector bundle V\ z over a genus 
zero curve z = P 1 is of the form 

16 

V\ s = P i(m t ) © P i(- mi ) (5.20) 
i=i 

with non-negative integers m^. Therefore, 
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^U- 1 ) = - 1) © ^(-^i - !)• (5-21) 

8=1 

Using formulas (|4.15 ) and ( [4.16| ) for /i°(P 1 , P i(mj)) from the previous section, we see that 

16 

h°(z,V\ z (-l)) = J2^- (5-22) 



=i 



Therefore h°(z,V\ z (—l)) > if and only if at least one m ; is greater than zero. That is, 
h°(z, V\ z (—1)) > if and only if the vector bundle V\ z is non-trivial. 

The rest of this section will be devoted to the general discussion, in the context of stable, 
holomorphic vector bundles over elliptically fibered Calabi-Yau threefolds X, of when V\ z is 
trivial and when it is non-trivial, that is, equivalently, when V| z (— 1) does not have sections 
and when it does. The structure group of the bundle will be assumed to be an SU(n) 
subgroup of 50(16) x 50(16), although all detailed examples in this paper will, for specificity, 
be given for an SU(3) structure group. As we will see later in the paper, generically, the 
condition of triviality or non-triviality of the vector bundle V\ z is not topological in the sense 
that it is governed not soley by the choice of the topological type of the spectral cover or the 
line bundle but, rather, by the choice of parameters of the spectral cover. In other words, for a 
given family of positive spectral covers and, therefore, a family of stable, holomorphic vector 
bundles on X parametrized by its moduli, the answer to the question whether or not V\ z is 
trivial depends on the choice of the moduli. In the next section, we will give two examples 
of when, for every choice of the moduli, the bundle V\ z is non-trivial and the superpotential 
vanishes identically. We will then give examples where, for a generic choice of moduli, the 
bundle V\ z is trivial but there is a co-dimension one subspace where V\ z becomes non-trivial. 
This means that, generically, the Pfaffian and, therefore, the superpotential is non- vanishing. 
However, the Pfaffian does vanish for moduli on the co-dimension one subspace. 
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5.2 Vanishing of the Pfaffian: 

We now discuss how the choice of moduli affects the triviality or non-triviality of V\ z . In 
fact, it is technically easier to study the equivalent problem of whether or not h°(z, V\ z (— 1)) 
vanishes. In this paper, we will restrict the discussion to stable, holomorphic vector bundles 
over Calabi-Yau threefolds X elliptically fibered over Hirzebruch surfaces F r with r = 0,1,2. 
The curve z will be chosen to be purely horizontal, that is, to lie in the base B = F r . As 
discussed previously, for any curve z in the base of X, the restriction, V\ z , of the holomorphic 
vector bundle to z is given by 

V\ z = n c *N\c, (5.23) 

where C and N denote the restriction of the spectral cover C and line bundle M to the 
surface n*z. Then 

H°(z, V\ z (-1)) = H°(z, 7T C *N\c ® O z {-l)) (5.24) 

and, hence 

h°(z, V\ z (-1)) = h°(z, 7T C *N\ C (gi O z {-\)). (5.25) 
Using a Leray spectral sequence, one can show that 

H°{z,ir c *N\ c ®O z {-l)) =H°{C,N(-F)\ C ), (5.26) 

where we define 

N(-F) = N®0 7T * z (-F) (5.27) 
and F is the class of the elliptic fiber. Therefore 

h°(z, ti c *N\c <g> O z (-l)) = h°(C, N(-F)\ c ). (5.28) 



We conclude from (|5.25 ) and that one can determine when the bundle V| z (— 1) has 



sections by studying under what circumstances the line bundle N(—F), restricted to the 
Riemann surface C, does. To accomplish this, we consider the short exact sequence 

0^E®O w * z (-D) ^ E ^ E\ D ^0, (5.29) 

where E is any holomorphic vector bundle on tc*z and D is any effective divisor in n*z. 
Henceforth, we will choose 

E = N(-F) (5.30) 
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and 



D = C. (5.31) 
The short exact sequence (|5.29|) can, therefore, be written as 



-> N(-F -C)H N(-F) A N(-F)\ c -> 0, (5.32) 

where 

N(—F — C) = N(—F) <g> O ir » z (— C). (5.33) 

The map /c in ( |5.32D is given by multiplication by a section of the line bundle O n * z (C) 
that vanishes precisely on C. The mapping r is just restriction. The cohomology long exact 
sequence corresponding to ( |5.32| ) is given by 

-> #°(7r*z, JV(-F - C)) -> i/°(7r*z, iV(-F)) -> #°(C, iV(-F)| c ) -> 

^(tt**, iV(-F - CO) ^ N{-F)) -> tf^C, iV(-F)| c ) -> 

# 2 (tt*z, JV(-F - C7)) -> # 2 (tt*z, iV(-F)) -> 0. (5.34) 



First, we note from ( |5.25| ) and ( |5.28| ) that the dimension of the cohomology group H°(C, N(—F)\c) 



is precisely the quantity that we want to compute. Furthermore, since the sequence Q5.34D 
is exact, the group H°(C, N(—F)\c) is the kernel of the map fa- Mapping fc in the long 
exact sequence is the linear map from H 1 (-k*z, N(—F — C)) to H 1 (ir*z, N(—F)) induced by 
multiplying by a section of O v * z {C) that vanishes at C. As it arises in a similar way to 
fc in the short exact sequence Q5.32j) , we give this linear mapping the same symbol. Fi- 
nally, note that the cohomology groups H l (n*z, N(—F — C)) and H 1 (7r*z, N(—F)) are finite 
dimensional vector spaces and, hence, the map fc can be represented by a matrix. 

We now arrive at a key point. The restriction of the spectral cover C represents the 
homology class whose elements parametrize a projective space, as discussed above. As we 
deform a spectral cover C inside its homology class, we actually change the map fc since 
we change the explicit section that vanishes at C. This implies that the map fc depends on 
the vector bundle moduli. More precisely, it depends not on all vector bundle moduli but 
only on those that parametrize C. As we discussed in Section 3, the set of parameters of C 
forms the projective space 

P#°(7r*z,0^(C)). (5.35) 
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Therefore, the map fc depends on the coordinates of ( |5.35|) . 

Before specifying the curve z and the parameters of the line bundle A/", let us make a 
general comment on the cohomology exact sequence (|5.34j) . Suppose that 

h°{7T*z, N{-F)) > h°{n*z, N{-F - C)). (5.36) 

Then sequence fl5.34|) implies that 

h°(C,N(-F)\ c ) (5.37) 

can not be zero. Therefore, if condition ( |5.36|) is fulfilled the line bundle N(—F)\c necessarily 
has sections and the Pfaffian vanishes identically. We will, shortly, give an example when 
this situation indeed happens. However, as will be amply demonstrated, in most cases 
inequality (|5.36|) is not satisfied and the Pfaffian need not be zero. 

The further analysis is too complicated in the general setting, so we will make some 
specifications. Curve z will be chosen, as previously, to be 

z = S (5.38) 

Then, S = P 1 and, since S ■ S = — r, it is an isolated curve in F r for r = 1, 2. It follows that 
for r = 1, 2 the curve a ■ ir*S is P 1 and isolated in X. Furthermore, we need to specify the 
line bundle N(—F) = jV| 7r *s( — F). This involves the restriction of the global line bundle M 
on X given by equation ( |9.21|) in Appendix B. That is 

Af = O x (n(^ + X)a + (1 - A)tt*77 + (1 + n\)n* Cl (B)), (5.39) 

where C\(B) is the first Chern class of the base F r 

ci(F r ) = 2S + (r + 2)£ (5.40) 

and r) is the curve on the base specifying the spectral cover. Following the notation of the 
previous sections, we write 

rj = (a + 1)«S + bE. (5.41) 
The coefficients a and b are chosen in such a way that the spectral cover 



C = no + 7i*i] 
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(5.42) 



satisfies effectiveness, irreducibility and positivity conditions ( |9.17| ), (|9.18|) , (|9.19|) and (|9.20| ). 
The restriction of the spectral cover to 7r*iS was given in ( |3.39|) to be 



C = na\ n * s + (b - (a + l)r)F. 



Furthermore, the restriction of the line bundle M to tt*S is of the form 



(5.43) 



N = J\f\ n * s = 0^ s {{n{\ + \)<r + (i - \)n* V + (}- + n\)n* Cl (B)) ■ n*S). (5.44) 



Using equations ( |5.44|) , (|5.40| ), ( |5.41|) and the intersecton properties ( |9.7|) in Appendix B, we 
obtain that 

N(-F) = 0^ s (n(X + + ((1 - A) (6 - (a + l)r) + (i + nA)(2 - r) - 1)F). (5.45) 

We begin our analysis by giving an explicit example of when Pfaff(X>_) and, hence, the 
superpotential vanishes identically. 

• Suppose that the following conditions on the parameters are fulfilled 

(i-A)(6-(a + l)r) + (i + nA)(2-r)-l = 0, A + ^ > 1. (5.46) 

Then it follows that the line bundles N(—F) and N(—F — C) are of the form 

N(-F) = 0^ s (Aa\^ s ), A > (5.47) 



and 



N(-F - C) = 0^ s (A'o\^s - B'F), A > 0, B' > 



(5.48 



respectively. The condition B' > is the consequence of the fact that we work with 
positive spectral covers, which implies b — ar > 0. Using a Leray spectral sequence, it 
follows that 

H°(tt*S, 0^ s {A'a\^ s - B'F)) = H°(S, ^O^ s {Aa\^ s - B'F)). (5.49) 
Furthermore, equation ( |10.16j ) in Appendix C implies 

A' 

H°(tt*S, 0^ s {A'a\^s ~ B'F)) = H°(S, O s (-B') © 0(-fi / + i(r - 2)). (5.50) 



Since B' > 0, we see from equation Q4.16D that the line bundle O n *s(A'a\ n *s — B'F) 
does not have any global holomorphic sections. On the other hand, the same analysis, 
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using equation ( |10.15| ) in Appendix C, shows that the line bundle O n *s (Aa \ n *s) has 
a unique section for r = 0, 1 and A sections for r = 2. Therefore, we have proven 
that conditions ( |5.36| ) are fulfilled whenever equations ( |5.46| ) are satisfied. This, in 
turn, implies that if equations ( |5.46| ) are satisfied, the Pfaffian and, therefore, the 
superpotential induced by a superstring wrapped on a holomorphic curve S vanish 
identically. 

Parameters satisfying ( |5.46| ), as well as the effectiveness, irreducibility and positivity condi- 
tions (|9.171) , (|9.18| ), (|9.19| ) and (|9.20|) , are easily found. An explicit example is 

r = l, n = 3, b- a = 4, A = -. (5.51) 

We now turn to the more interesting situation when there is no obvious reason for the 
Pfaffian to vanish identically. In fact, several different cases have to be distinguished. They 
are 

A>^, A<-~ \= l - 1 \ = (5.52) 
• Let us first consider the case 

A > ~. (5.53) 

Here, of course, we assume that the first condition in ( |5.46| ) is not fulfilled since other- 
wise, as we have just shown, the Pfaffian would vanish identically. If condition fl5.53| ) is 
satisfied, one can show, using Leray spectral sequences and equations ( |5.43i ) and (|5.45| ), 
that the second cohomology groups in (|5.34j ) can be related to the second cohomology 
groups on the curve S and, hence, vanish identically. That is 

H 2 {ir*S, N(-F -C))= H 2 (S, vr*iV(-F - C)) = (5.54) 

and 

H 2 (tt*S, N(-F)) = H 2 (S, tt*N(-F)) = 0. (5.55) 

Here, we have used the fact that 

R l Ti*0^ s {Aa\ n , s + fF) = (5.56) 

for A > and any /. To simplify the sequence ( |5.34| ), let us assume that the line 
bundle N(—F) will always be of the form 

0^s{Aa\^ s - BF), A > 0, B > 0. (5.57) 
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This condition will be satisfied in all the examples we will consider. As explained 
above, such line bundles have no global holomorphic sections and, hence 

H°(ti*S,N(-F)) = 0. (5.58) 

Then, the general structure of the exact sequence (|5.34j) simplifies to 



-> H°(C, N(-F)\ c ) -> H\n*S, N(-F - C)) f A 

H\ti*S, N(-F)) -> H\C, N{-F)\ c ) -> 0. (5.59) 

Now, let us note the following fact. From equations (|5.24j) -( |5.28 ) we know that 



H°(S,V\ s (-l)) = H°(C,N(-F)\ C ) (5.60) 

and therefore, that 

h°(S,V\ s (-l)) = h°(C,N(-F)\c). (5.61) 

On the other hand, using a Leray spectral sequence, it follows that the first cohomology 
groups satisfy the same relation, that is 

H\S,V\ S (-1)) = H\C,N(-F)\ C ) (5.62) 

and, hence 

h\S,V\ s (-l)) = h\C,N{-F)\ c ). (5.63) 



The quantity 



/i°(5,^| 5 (-l))-/i 1 (5,K| 5 (-l)), (5.64) 



as follows from the Atiyah-Singer theorem and the fact that Os{— 1) is a spin bundle, 
is nothing but the index of the Dirac operator X>_ that has been shown previously to 
vanish. This allows us to conclude that 

h°(C,N(~F)\ c ) = h l (C,N(-F)\ c ). (5.65) 

It then follows from sequence (|5.59|) that the middle cohomology groups must have the 
same dimension. That is, 

^(7r*<S, N(-F - C)) = h l (ir*S, N(-F)). (5.66) 
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This says that fc in ( 5.59|) is a mapping between two linear spaces of the same dimen- 



sion and, therefore, can be represented by a square matrix. A non-trivial kernel of the 
matrix fc is equivalent to the condition of the determinant of fc vanish. We conclude, 
therefore, that 

h°(S,V\ s (-l))>0 (5.67) 

if and only if 

detfc = 0. (5.68) 

As we have previously discussed, the matrix fc depends on the vector bundle moduli 
associated with the restriction of the spectral cover C to the surface tt*S. Therefore, 
detfc is a function of these moduli. Within the zero locus of detf c 

h°(S,V\ s (-l))>0, (5.69) 

the vector bundle V|s is non-trivial and the Pfaffian vanishes. However, outside this 
zero locus 

h°(S,V\ s (-l)) = (5.70) 

and, as a result, the vector bundle V\s is trivial and the Pfaffian does not vanish. 

To illustrate these concepts, we now consider the examples introduced in the previous 
section. Since we have restricted A to satisfy (|5.53| ), we need only consider Examples 2, 3 



and 4 above. We will continue to refer to them with the same numbering. The detfc in 
these examples will be explicity computed in the next section. 

Example 2 : In this example, we take 

r = l, n = 3, a>5 (5.71) 

and, hence, the lift of the curve S is the rational elliptic surface dPg. The bundle over it is 
specified by 

b-a = 6, A = -. (5.72) 
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Note that A satisfies flETSg) . Then, from flOOD 



C = 3a\ dPg + 5F. (5.73) 
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Furthermore, it follows from ( 5.45Q that the line bundle N(—F) is given by 



N(-F) = O dP9 (6a\ dPg -F). 



(5.74) 



The line bundle N(—F) is of the form (|5.57|) and, therefore, 

H°(dP 9 ,N(-F)) =0. 



(5.75) 



Since condition ( |5.53|) is satisfied, the second cohomology groups in the exact sequence ( |5.34|) 
vanish. Therefore, sequence (|5.34j) is reduced to ( |5.59| ) which, using equations ( |5.60| ), ( |5.62| ), 
( p.73| ) and ( |5.74| ), can be written as 



-> H°{S, V\ s (-1)) ^W 1 ^W 2 ^ H\S, V\s{-1)) -> 0, 



where 



and 



Wi = H\dP 9 , O dPg (3a\ dP9 - 6F)) 



W 2 = H 1 (dP g ,O dP9 (6a\ dP9 -F)). 



(5.76) 



(5.77) 



(5.78) 



The construction of the map fc, which will be given in the next section, is based on the fact 
that one can relate cohomology groups on dPg to cohomology groups on S = P 1 . This is 
achieved by a Leray spectral sequence which implies that 



and 



H\dP 9 ,O dP9 (3a\ dP9 - 6F)) = H\S^O d p 9 {?>a\dP 9 ~ 6F)) 



H\dP 9 , O dP9 (6a\ dP9 - F)) = H l (S, 7r*O d p 9 (6a\ dP9 - F)). 



From equations ( |4.9|) , ( |5.77|) and (|5.79| ), it follows that 

Wi ~ H\S, O s (-Q) © O s (-8) © O s (-9)) 



(5.79) 



(5.80) 



(5.81) 



and 



W 2 ~ H\S, O s (-l) © Os(-i)). 



(5.82) 



i=3 
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Furthermore, by using the Serre duality 

H\W\0^(p))^H\W\OA-Z-p)y (5.83) 
we can rewrite W\ and Wi as 

Wi ~ H°(S, O s {A) © O s (6) © C? 5 (7))* (5.84) 

and 

7 

W 2 ~ #°(<S, 5 (-l) © O s (-2 + 0)*. (5.85) 

i=3 

From equations ( |4.15|) and (|4.16|) , we conclude that 



dimWx = dimW 2 = 20. (5.86) 

Therefore, the linear map fc in this example can be represented by a 20 x 20 matrix. This 
matrix depends on the parameters of the spectral cover restricted to dPg given in ( 5.73 ). 



From equations (|3.60| ), (|4.31| ) and Q4.32j ), we know that the space of these parameters is the 
projective space 

¥H°(dP 9 , O dPa (3cr\ d p 9 + 5F)) ~ ¥H°(S, O s (5) © O s (3) © O s {2)) ~ P 12 . (5.87) 

This means that the map fc is parametrized by the coordinates of the twelve-dimensional 
projective space ( |5.87| ). 



Example 3 : In this example, we take 

r = 2, n = 3, a>5 (5.88) 

and, hence, the lift of the curve S is just the cross product P 1 x T 2 . The vector bundle on 
this surface is specified by 

b -2a = 3, A=-. (5.89) 



Note that A satisfies condition ( 5.53 ). Then, from equation (|4.35|) it follows that 

C = 3a| P i xT 2 +F. (5.90) 



Furthermore, it follows from ( 5.45|) that the line bundle N(—F) is given by 



N(—F) = C P i xT 2(6a| P i xT 2 - 2F). (5.91) 
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As in the previous example, 



#0(pi x t 2 ,N(-F)) = 



and the second cohomology groups vanish 

H 2 ^ 1 x T 2 , N(-F - C)) = H 2 ^ 1 x T 2 , N(-F)) = 0. 
Thus, the corresponding cohomology exact sequence becomes 

-> #°(<S, -^W 3 f -$W 4 ^ H\S, V\ s {-1)) - 0, 

where 



and 



W 3 = H 1 ^ 1 x T , C» P i xT 2(3a| P i xT 2 - 3F)) 



W 4 = # (P x T , C» P i xT2 (6a| P i xT 2 - 2F)). 



(5.92) 



(5.93) 



(5.94) 



(5.95) 



(5.96) 



Using (|4.11| ) and Serre duality (|5.83|) , these cohomology groups can be related to those on 
the curve S as 

3 3 

W 3 ~ H\S, (9 s (-3)) ~ H°(S, O s (l))* (5.97) 



i=i 



and 



W 4 ~ ^(5, O s (-2)) ~ if°(<S, 5 )*. 



(5.9£ 



i=l 



It follows from (|4TT5| ) and ( |4TT6|) that 

dimW 3 = dimWi = 6. 



(5.99) 



Therefore, the linear map fc in this example can be represented by a 6 x 6 matrix. The re- 
striction of the spectral cover is of the form ( |5.90| ) and, as follows from equations ( |3.69D , Q4.36D 
and (|4.37| ), its moduli parametrize the projective space 

3 

Ptf^P 1 x T 2 ,C P i xr 2(3a| P i xT 2 +F)) -M°(5,0O 5 (1)) ~ P 5 . (5.100) 



»=i 



Hence, the map fc depends on six homogeneous coordinates. 
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Example 4 : In this example, we take 



r = 2, n = 3, a>5 



(5.101) 



and, hence, the lift of the curve 5 is just the cross product P 1 x T 2 . The vector bundle on 
this surface is specified by 

3 

b -2a = 4, A = -. (5.102) 



Note that A satisfies condition ( |5.53| ). Then, from ( |4.39| ) 

C = 3<j|pi X 2 , 2 + IF. 
Furthermore, it follows from ( 5.45|) that the line bundle N(—F) is given by 

N(—F) = O p i xT 2(6ct| p i xT 2 - 3F). 

As in the previous example, 

jyoppi x t 2 ,N(-F)) = 
and the second cohomology groups vanish 

H 2 ^ 1 x T 2 , N(-F - C)) = H 2 ^ 1 x T 2 , N(-F)) = 0. 
Thus, the corresponding cohomology exact sequence becomes 

-> H°(S, V\ s (-l)) -> W 5 % W 6 -> ^(5, ^|s(-l)) - 0, 

where 



and 



W 5 = tf^P 1 x T , C» P i xT 2(3cr| P i xT 2 - 5F)) 



W 6 = F^P 1 x T , C» P i xT2 (6a| P i xr 2 - 3F)). 



(5.103) 



(5.104) 



(5.105) 



(5.106) 



(5.107) 



(5.108) 



(5.109) 



Using ( EOT ) and the Serre duality ( 5.83 ), these cohomology groups can be related to those 
on the curve S as 



W 5 ~ H\S, O s {-h)) ~ 5 (3))' 

i 
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(5.110) 



i=l 



and 

6 6 

W 6 ~ H\S, Os(S)) * H°(S, O s (l))*. (5.111) 

i=l i=l 

It follows from (gig ) and flCTB]) that 



dimV^s = ciimW/ 6 = 12. (5.112) 

Therefore, the linear map fc in this example can be represented by a 12 x 12 matrix. 
The restriction of the spectral cover is of the form ( |5.103|) and, as follows from equa- 



tions ( |3.73| ), (|4.40| ) and ( |4.41[ ), its moduli parametrize the projective space 



FH ^ 1 x T 2 , C P i xT2 (3(j| P i xr 2 + 2F)) ~ ¥H°(S, O s (2)) ~ P 8 . (5.113) 

i=l 

Hence, the map /c depends on nine homogeneous coordinates. 

• We now turn to the second case in (|5.52|) , where 

A < ~. (5.114) 

In this case, the procedure presented above has to be slightly modified. The reason 
is that the coefficient in front of cr\ n *s in (|5.45|) is now negative. We showed in ( |5.65|) 



that 

h°{C,N(-F)\ c ) = h^CNi-F)^). (5.115) 
On the other hand, by Serre duality 

h\C, N(-F)\ c ) = h°(C, (N(-F)r\ c ® K c ), (5.116) 



where by K c we denote the canonical bundle of C . Thanks to equations ( |5.115| ) 
and ( ^.116| ) , instead of studying the question of when 

h°(C,N(-F)\ c )>0, (5.117) 

we can study the equivalent question of when 



h°(C, (N(—F))*\c ® Kc) > 0. 
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(5.118) 



This observation is helpful for the following reason. By the adjunction formula, the 
canonical bundle Kq can be related to the canonical bundle K v *g by 



Kc = {K^ s ®0^s{C))\c- (5.119) 



The canonical bundle of n*S was shown in 11 to be 



K n » s = O n » s (-rF). (5.120) 
Then, using (|5.43|) , one finds that 

K c = 0^ s {na\^ s + (b-(a+ 2)r)F)\ c . (5.121) 



If condition (|5.114 ) is satisfied, it is easy to see that 



(N(-F)Y ® K^ s ® 0^ S {C) = 0^ s (A"a\ n , s + ■■■), (5.122) 

where 

A" = n (-A + -) >0 (5.123) 

and the ellipses stand for the fiber class term, which is irrelevant to our argument. The 
fact that A" is positive allows us to proceed with our discussion. Return to the short 
exact sequence ( |5.29| ). Although we continue to choose D = C, the vector bundle E is 
now taken to be 

E = (N(-F)Y®K^ s ®0^ s {C). (5.124) 

Note that 

E\ c = {N{-F)Y\c®K c . (5.125) 

The procedure discussed above is now repeated using this different data. 

Repeating this procedure in the general setting requires that we introduce rather com- 
plicated notation. Here, therefore, it is simplest to work within the context of an explicit 
example. Let us consider Example 1 discussed previously. 

Example 1 : In this example, we take 

r = l, n = 3, a>5 (5.126) 
41 



and, hence, the lift of the curve S is just dP 9 . The vector bundle on this surface is specified 
by 

5 



b — a = 5, A 



(5.127) 



Note that A satisfies (|57TTJ). Then, from (fO§) 



C = 3a\ dP9 +4F. 



(5.128) 



Furthermore, it follows from ( 5.45Q that the line bundle N(—F) is given by 



N{-F) = O m {-6<r\ dP9 +4F) 



(5.129) 



The coefficient in front of cr\dp 9 is negative, so we introduce the "Serre dual" version of 
N(-F)\ c 



(N(-F))*\c®K c . 



In the case under consideration 



K c = O d p 9 (3a\^ s + ^F)\c 



and, therefore, 



(5.130) 



(5.131) 



{N{-F))*\ c ®K C = O dP9 (9a\ dP9 - F)\ 



c- 



(5.132) 



We see then that an equivalent condition for the vanishing of the Pfaffian is given by 



h°(C, O dP9 (9a\ dPg - F)\ c ) > 0. 



(5.133) 



Since the coefficient in front of u\ d p 9 in ( |5.133|) is positive, we can now apply the techniques 
developed previously in this section. The new expression for E given in ( p. 124 ) becomes, in 
this example, 



E = O d p 9 (9a\ dP9 -F). 



(5.134) 



Then, the exact sequence ( |5.29|) is given by 



O dP9 (6a\ dPg - 5F) H O d p 9 (9a\ dP9 - F) -> 0^(9^1^ - F)\ c -> 0. 
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(5.135) 



The cohomology long exact sequence associated with ( |5.135|) is of the form 

-> H°(dP 9 , O dP9 (Qa\ dP9 - 5F)) -> P°(cPP 9 , rf p 9 (HdP 9 - F)) - 
P°(C, O dP9 (9a\ dP9 - F)\ c ) -> ^(dPg, (!WH<*p 9 - 5F)) ^ 
H 1 {dP 9 , O d p 9 (9a\ d p 9 — F)) -> P 1 ^, CWHdP 9 -^Ic) -> 
P 2 (dP 9 , O dP9 (6a| d p 9 - 5F)) -> P 2 (cPP 9 , CWHrfft - P)) -> 0. 



(5.136) 



The line bundle O d p 9 (9a\ d p 9 — F) is of the type (|5.57|) and, therefore, does not have sections. 
That is 



H°(dP 9 ,O d p 9 (9a\ dP9 -F)) = 0. 



(5.137) 



By using a Leray spectral sequence, it is easy to see that second cohomology groups in ( |5.136| ) 
vanish 

H\dP 9} O dP9 (Qa\ dPg - 5P)) = H 2 (dP 9 , O dP9 (9a\ dPg - P)) = 0. (5.138) 
As a result, sequence ( |5.136| ) is reduced to 

-> H°(C, O dP9 (9a\ d p 9 - F)\ c ) -> W 7 H W 8 -> P^C, O d p 9 (9a| dP9 - P)| c ) -> 0, (5.139) 
where 

W 7 = H\dP 9 , O d p 9 (6a\ dP9 - 5P)) (5.140) 

and 



W % = H\dP 9) O dP9 {9a\ d p 9 -F)). 

Using equation (|4.9j) and a Leray spectral sequence, we find that 

n 

W 7 ~ H\S, O s (-5) © 

and 

W B ~H\S,O s (-l)®@O s (-i)). 
By Serre duality ( |5.83 ), we can also rewrite W 7 and Wg in the form 

9 

^~ff°(5,0 s (3)e0o s (i)r 



8=7 



10 



(5.141) 



(5.142) 



(5.143) 



(5.144) 



8=5 
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and 



W 8 ~H°{S,O s {-l)®Q)Os(i)y 



i=l 



It then follows from equations ( 4.15|) , ( |4. 16| ) that 

dimW 7 = dimW$ 



44. 



(5.145) 



(5.146) 



Therefore, the linear map fc in this example can be represented by a 44 x 44 matrix. It 
follows from equations ( j3.56j ), ( f4.27|) and ( 4.28 ) that the restriction of the spectral cover to 
dPg given in (|5.128 ) has moduli which parameterize the projective space 



¥H°(dP 9 , O dPg (3a\ dPg + 4F)) ~ FH°(S, O s {A) © O s {2) ® O s {l)) ~ P 9 . (5.147) 

Hence, the matrix fc is parametrized by the coordinates of the nine-dimensional projective 
space ( [5.1471 ). 



The remaining two cases in (|5.52[) , 



A 



and 



A 



1 
2 



(5.148) 



(5.149) 



require a substantial modification of the procedure discussed above and will not be considered 
in this paper. 

6 Computing detfc' 

In this section, for the four examples involving isolated curve S presented in the previous 
sections, we will show how to explicitly find the matrix fc whose kernel is h°(S, V\s(—1)). 
We then compute the determinant detfc and give it a global interpretation. This will 
allow us to obtain an explicit expression for the superpotential. The preliminary set-up for 
constructing fc was given in the previous section. 
Let us begin with 

Example 2 : In this example, we take 



r = l, n — 3, a>5 



(6.1) 
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and, hence, n*S = dP 9 . The bundle over this surface is specified by 

6-0 = 6, A = -. (6.2) 
2 

Let us recall the basic set-up from the previous section. The sequence that we are going to 
study was given in G5.76Q by 

-> H°(S, V\ s (-1)) -> W x % W 2 -> H\S, V\ s (-l)) -> 0, (6.3) 



where 



and 



Wi = H\dP 9 , O d p 9 (3a\ dP9 - 6F)) (6.4) 



W 2 = H\dP 9 , O dPg (6a\ dP9 - F)). (6.5) 

The dimension of each of the linear spaces linear spaces W\ and W 2 is 20 and, hence, the 
map fc can be represented by a 20 x 20 matrix. This matrix depends on the parameters of 
the spectral cover restricted to dP 9 , that is, on the homogeneous coordinates of 

FH°(dP 9 , O d p 9 (3a\ dP9 + 5F)) ~ FH°(S, S (5) © O s (3) © O s (2)) ~ P 12 . (6.6) 

We will extensively use the relation of W\ and W2 to the cohomology groups on the curve S 
(equations (fTH), ( ggp , ( jTgg) and JOSD ), given by 



W x ~ ^(5, 5 (-6) © s (-8) © 5 (-9)) - #°(<S, O s (4) © 5 (6) © O s (7))* (6.7) 

and 

7 7 
W 2 ~ ^(5, 5 (-l) © OsH)) - #°(<S, © O s {-2 + 2))*. (6.8) 

i=3 i=3 

The main idea in constructing the matrix fc is to express all data on dP 9 in terms of data 
on the curve S using the isomorphisms ( |6.7| ) and ( |6.8| ). Let us denote by 

W! = B_q © fi_ 8 © fi_ 9 (6.9) 

an arbitrary element of H 1 ^, Os{— 6) @Os{— 8) @Os{— 9)), where _B_j, z = 6, 8, 9, represents 
an arbitrary differential in H 1 (S,Os(—i)). We see from the Serre duality relation (|5.83 ) 
and flEISp that 

/i 1 (5,0 5 (-*))=*-l. (6-10) 
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Let us now lift W\ to an element W\ in H x (dP$, Odp g (3cr\dp g — 6P)) and denote by 6j = 7r*Pj 
the lift of E>i. Clearly, w\ is given by a sum of 6, multiplied by global sections Si,s 2 ,s 3 of 
some line bundles on dP 9 . That is 



Wi = 6_ 6 Si + &_ 8 S 2 + &-9«3- (6.11) 



It is easy to see that 



si G ^°(dP 9 , C d p 9 (3(7| d p 9 )), 
S2 Gi/ (rfP 9 ,O d p 9 (3aUp 9 + 2F)), 

s 3 G P°(dP 9 , O rf p 9 (3a| dP9 + 3P)). (6.12) 

Note that the line bundle Odp 9 {3a\dp g ) has only one section vanishing along a\dp g with 
multiplicity 3. This section is identical |L1], [34] to z in the Weierstrass equation for dPg 

y 2 z = 4x 3 - g 2 xz 2 - g 3 z 3 . (6.13) 

That is, 

si = 2. (6.14) 



Furthermore, it was shown in |TT] that 

x G P°(dP 9 , ap 9 (3a| d p 9 + 2P)), y G P°(c/P 9 , O d p 9 (3<x|dP 9 + 3P)) (6.15) 

and 

g 2 G P (dP 9 , CW4P)), 2s G P°(rfP 9 , O d P 9 (6P)). (6.16) 
We see, therefore, that the sections s 2 and s 3 can be taken to be 

s 2 = x, s 3 = y. (6.17) 

It follows that 

w\ = b_ Q z + b^$x + 6_ 9 y. (6.18) 

Expression ( |6.18| ) completely characterizes an element w\ G W\. 

In a similar way, any element w 2 G = H 1 (dP 9) Odp g (§cr\dP g — F)) can be written as 

w 2 = C-3ZX + C-4,zy + C-5X 2 + C-Qxy + C-jy 2 (6.19) 
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where for j = 3, • • • , 7, c_j = vr*C_j is an element of i^ 1 (c/P 9 , Odp g (— jF)) and C_j is a 
section in the j — 1-dimensional space H l (S, Os(—j))- The map fc is can also be expressed 
in terms of data on curve S. By using (|6.6| ) and (|6.17|) , fc can be written as 

(6.20) 



fc = m 5 z + m 3 x + m 2 y, 



where = .1//,.. k = 2,3,5, is an element in H°(dPg, Odp 9 {kF)) and Mj, is a section in 
the k + 1-dimensional space H°(S, Os{k)). Although there are thirteen parameters in rrik, 
k = 2, 3, 5, it must be remembered that they are homogeneous coordinates for the twelve 
dimensional projective space FH°(dP 9 , Odp 9 (3a\dp 9 + 5F)). 

Putting this all together, we can completely specify the linear mapping W 1 J -^W 2 . First, 
note that with respect to fixed basis vectors of Wi and W 2 , the linear map fc is a 20 x 20 
matrix. In order to find this matrix explicitly, we have to study its action on these basis 
vectors. This action is generated through multiplcation by a section fc of the form ( |6.20| ). 
Suppressing, for the time being, the vector coefficients b_i and c_j, we see from ( |6.11| ) that 
the linear space W\ is spanned by the basis vector blocks 

z, x, y (6.21) 

whereas it follows from ( p,19| ) that the linear space W 2 is spanned by basis vector blocks 



zx, 



zy, x 



xy, y 



(6.22) 



The explicit matrix Mjj representing fc is determined by multiplying the basis vectors ( p.21 



of W\ by fc in ( 6.20 ). Expanding the resulting vectors in W 2 in the basis (|6.22|) yields the 
matrix. We find that Mu is given by 



xz 
yz 
x 2 
xy 

y 2 



z 


X 


y 


777,3 


m 5 


°) 


m 2 





m 5 





m 3 








m 2 


m 3 


I 





m 2 J 



(6.23) 



Of course, Mjj is a 20x20 matrix, so each of the elements of ( |6.23 ) represents a X 
matrix for the corresponding j = 3, 4, 5, 6, 7 and i = 6,8, 9. Note, that if we multiply m^z 
by a basis vector block z we get m 5 z 2 which is not in the space W 2 . Therefore, it does not 
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represent a holomorphic differential and should be put to zero. For example, let us compute 
Mix. This corresponds to the xz — z component of ( |6.23| ) where 



H\dP 9 , O d p 9 (3a\ dP9 - 6F))\ b _ 6 ^ H\dP 9 , O dPg {6a\ dPg - F))\ c _ 3 . (6.24) 
Note, from flOD , that 

h\dP 9 ,O dP9 (3a\ dP9 - QF))\ b _ 6 = 5 (6.25) 

and 

h 1 (dP 9 ,O dPg (6a\ dPg -F))\ c _ 3 = 2. (6.26) 



An explicit matrix for 777,3 is most easily obtained if we use equations (|6.4|) , (|6.7p and 
{K§, to identify 



H\dP 9 , O dPg {3a\ dPg - 6F))| 6 _ 6 = H°(S, O s {A)f (6.27) 

and 

H\dP 9 , O dPg (6a\ dPg - F))| c _ 3 = H°(S, 5 (1))*. (6.28) 
If we define the two dimensional linear space 

V = H {S,O{l)), (6.29) 

then we see that 

H\dP 9 , O dPg (3a\ dPg -6F))| 6 _ 6 = Sym A V* (6.30) 

and 

H\dP 9 , O dPg M dPg - F))\ c _ 3 = V*, (6.31) 

where by Sym k V* we denote the fc-th symmetrized tensor product of the dual vector space 
V* of V. Similarly, it follows from ( |6.6|) and ( |6.29|) that m 3 is an element in 

H°(dP 9 , O dP9 (3a\ dP9 + 5F))\ m3 = Sym 3 V. (6.32) 

Let us now introduce a basis 

{u,v}eV (6.33) 
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and the dual basis 



{u*,v*}eV*, (6.34) 

where 

u*u = v*v = 1, u*v = v*u = 0. (6.35) 

Then the space Sym k V* is spanned by all possible homogeneous polynomials in u*,v* of 
degree k. Specifically, 

K 4 , u*V, w*V 2 , u*v* 3 , v* 4 } E Sym 4 V* (6.36) 

is a basis of Sym 4 V* and 

{u 3 , u 2 v, uv 2 , v 3 } E Sym 3 V. (6.37) 

is a basis of Sym 3 V. Clearly, any section mz can be written in the basis ( |6.37|) as 

m 3 = cpiu 3 + 4>2U 2 v + 4>3uv 2 + 4>iV 3 , (6.38) 

where a) & = l,---4 represent the associated moduli. Now, by using the multiplication 
rules (|6.35|) , we find that the explicit 2x5 matrix representation of in this basis, that is, 



the Mn submatrix of M/j, is given by 




U* 3 V * 


u* 2 v* 2 


u*v* 3 


v* 4 


fa 


fa 


fa 





fa 


02 


fa 


fa 



(6.39) 



Continuing in this manner, we can fill out the complete 20 x 20 matrix Mjj. It is not 
particularly enlightening, so we will not present the matrix Mu in this paper. What is 
important is the determinant of Mjj. Let us parametrize the sections irt2 and as 



m 2 = Xiu 2 + X2UV + x-i'v 2 



m 5 = fau + ip 2 u v + ip 3 u 3 v + ip 4 u v 3 + fauv + ijj 6 v 5 (6.40) 

where Xb, b = 1, 2, 3 and ip C) c = 1, • • • 6 represent the associated moduli. It is then straight- 
forward to compute the determinant of Mjj using the programs Maple or MATHEMATICA. 
We find that it has two rather remarkable properties. First, it factors in a simple way. And 
second, it is independent of some of the variables. Specifically, we find the following. 
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• The determinant of fc is given by 

detfc = detMu = P A , (6.41) 

where 

V = xlX3<f>l - X?X20304 - 2XlXs0301 - 
XlX2X30302 + X2X30103 + 4>lxl ~ 
20204X3X? + XlX302 + 30104X1X2X3 + 

02X104X2 + 0lX3 - 02X201X3 ~ 040lX2 ( 6 - 42 ) 

is a homogeneous polynomial of degree 5 in the seven projective parameters a and Xb- 
Note that none of the remaining six moduli i\) a appear in V . 

We conclude this example by pointing out that detfc will vanish precisely on the zero 
locus of the homogeneous polynomial V. Globally, V must be a holomorphic section of some 
complex line bundle over P 12 . Therefore, there must exist a divisor D-p C P 12 such that V 
is a section of 

P i2(D v ) (6.43) 

and vanishes on the co-dimension one submanifold D-p of P 12 . This categorizes the space of 
zeroes of V and, hence, detfc- The exact eleven dimensional submanifold 

D v C FH°(S, O s (5) © e> 5 (3) © O s {2)) (6.44) 



can be determined by solving the equation V = using ( 6.42|) . 
As a second example, let us consider 

Example 1 : In this example, we take 

r = l, n = 3, a>5 (6.45) 
and, hence, ir*S = dPg. The vector bundle over dP$ is specified by 

b- a = 5, A = --. (6.46) 
According to the previous section, the cohomology exact sequence that we need to study is 
-> H°(S, V\ s (-1)) -> W 7 f A W s -> ^(5, 7| 5 (-1)) -> 0, (6.47) 
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where 

W 7 = H\dP 9 , O d p 9 (6a\ dP9 - 5F)) (6.48) 

and 

W 8 = H\dP 9 , O dPg (9a\ dP9 - F)). (6.49) 

The relation of W7 and Wg to the cohomology groups on the curve S is the following 

11 9 
W 7 ~ H\S, O s {-5) © O s (-l)) ~ °(S, C» 5 (3) © s (z))* (6-50) 

i=7 i=5 

and 

10 8 

iy 8 ~ 5 (-l) © O s (-i)) ~ F°(<S, 5 (-l) © 5 (i))*. (6.51) 

4=3 j=l 

The dimension of each of the linear spaces Wj and W$ is 44 and, hence, the map fc can 
be represented by a 44 x 44 matrix. This matrix depends on the parameters of the spectral 
cover restricted to dPg, that is, on the homogeneous coordinates of 

¥H°(dP 9 , O dPg (3a\ dPg + 4F)) ~ ¥H° (S, 5 (4) © O s {2)O s {\)) ~ P 9 . (6.52) 

An arbitrary element w 7 G ^(5, C 5 (-5) © 0-= 7 Os(-l)) can be written as 

11 

*7 = 5_ 5 ©0fi- i , (6.53) 

i=7 

where B-i,i = 5, 7, •••11, denote an arbitrary element of the i — 1-dimensional space 
H 1 (S, Os{— %))• Let hi = 7r*Bi represent the lift of Bi. We can now write an element 
wj G iJ 1 (rfP 9 , O d p g (6a\ d p g — 5F)) as a sum of bi multiplied by global sections of appropriate 
line bundles on dPg. These global sections can be chosen to be z 2 ,xz,yz,x 2 ,xy,x 3 z~ 1 . We 
find that 

w-j = bsz 2 + b^-jxz + b_ 8 yz + b-gx 2 + b-ioxy + b-ux 3 z~ . (6.54) 

Note that a section x 3 z~ x is holomorphic since x vanishes along <r\ d p g with multiplicity one 
34| . This cancels the pole coming from z~ x . Using (|6.15|) , it is easy to see that that every 



term in ( |6.54j ) is an element in H x [dPo, } O d p 9 (6a\ d p 9 — 5F)). In a similar way, any element 
w$ G W$ can be expressed as 

9 9 9 ^ 9 A 1 1 / \ 

ws = C-3XZ + C-^yz + c_5X z + C-exyz + c^-jx + c_gx y + c_gx z C-iox yz , (6.55) 
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where for j = 3, • • • 10, c_j = 7r*C_j is an element of H x {dP^ : Odp 9 {—jF)) and C_j is a 
section in the j — 1-dimensional space H l (S, Os(—j))- We now need to express the map fc 
in terms of data on the curve S. By using ( |6.52|) , f c can be written as 

fc = TU4Z + m 2 x + miy, (6.56) 

where rrik = 7r*Mfc, k = 1,2,4, is an element of H°(dPg,Odp 9 {kF)) and is a section 
in the k + 1-dimensional space H (S,Os(k)). Although there are ten parameters in m^, 
k = 1,2,4, they are homogeneous coordinates for the nine dimensional projective space 
FH°(dP 9 , O dP9 (3a\ dPg + 4F)). 

fc 

Putting this all together, we can completely specify the linear mapping W 7 ^ W 8 . First, 
note that with respect to fixed basis vectors of Wi and W%, linear map fc is a 44 x 44 matrix. 
To find this matrix explicitly, we have to study its action on these basis vectors. This action 
is generated through multiplication by a section fc of the form ( |6.56|) . Suppressing, for the 
time being, the vector coefficients b-i and c_j, we see from ( |6.54| ) that the linear space W-j 
is spanned by the following basis vector blocks 

z 2 , xz, yz, x 2 , xy, x 3 z~ x (6.57) 

whereas it follows from (|6.55|) that the linear space W$ is spanned by basis vector blocks 

xz , yz , x z, xyz, x , x y, x z , x yz . (6.58) 

The explicit matrix Mu representing fc is obtained by multiplying the basis vectors ( |6.57| ) 
by fc in ( |6.56| ). Expanding the resulting vectors in W 8 in the basis fl6.58| ) yields the matrix. 
We find that Mjj is given by 





z 2 


xz 


yz 


x 2 


xy 


9 _ 

X z 


1 


2 

XZ 


^ m 2 


171^ 


-rriig 2 





-mig 3 





\ 


yz 2 


mi 





1714 













2 

X z 





m 2 





777.4 


-77715-2 







xyz 





mi 


m 2 





7774 







X 3 








4m i 


777 2 





7774 




2 

x y 











mi 


777 2 







4 —1 

X z 














Ami 


777 2 




s —1 

x yz 


V 














777i 


/ 



(6.59) 
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This matrix has a more complicated structure than the one in the previous example and 
requires some explanation. First, note that if we multiply z 2 by m^z we obtain m^z 3 , which 
is not in the space W%. This implies that we must set this element to zero. Second, if we 
multiply yz by m^y we get miy 2 z, which is also not among the basis vector blocks in ( |6.58| ). 
On the other hand, from the Weierstass equation ( |6.13| ), it follows that 

rriizy 2 = Amix 3 — m\gixz 2 — m\g^z 3 . (6.60) 

Therefore, we get non-vanishing coefficients in the basis vector blocks x 3 ,xz 2 and z 3 . This 
is the reason for the appearance of the entries 4m,i, —mig2, —mig3 in ( |6.59| ). Third, the 
matrix fl6.59p depends not only on the vector bundle moduli but also on the moduli of the 
underlying Calabi-Yau space contained in g 2 and g%. Now, Mjj is a 44 x 44 matrix so every 
entry in (|6.59|) represents a matrix block of dimension (j — 1) x (i — 1) for the corresponding 
j = 3, . . . , 10 and i = 5, 7, . . . , 11. We will not write the whole matrix but, rather, show 
how to explicitly compute two blocks, one with and one without Calabi-Yau moduli. For 
example, let us compute Mn. This corresponds to the xz 2 — z 2 component of ( |6.59 ) where 

H\dP 9 ,O d p 9 (6a\ dP9 -5F))\ b _ 5 ^H 1 (dP 9 ,O d p 9 (9a\ d p 9 -F))\ c _ 3 . (6.61) 

Note from (|6U0| ) that 

h\dP 9 , O dP9 (6a\ d p 9 -F))| 6 _ 5 = 4 (6.62) 

and 

h\dP 9 , O dPg (9a\ dP9 - F))| c _ 3 = 2. (6.63) 
We now relate the data on dPg to data on curve S. Using (|6.48|) - (|6.51|) , we can identify 

H\dP 9 ,O dP9 (6a\ dP9 - F))\ b _ 5 = H°(S,O s (3)Y (6.64) 

and 

H\dP 9l O d p 9 {9a\ dP9 -F))| c _ 3 = H°(S,O s (l))*. (6.65) 
In terms of the two dimensional linear space ( |6.29| ), we see that 

H\dP 9 , O dP9 (6a\ dP9 - 5F))\ b _ s = Sym 3 V* (6.66) 

and 

H\dP 9 , O dPg (9a\ dPg - F))| c _ 3 = V*. (6.67) 
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Similarly, it follows from (|6.29| ) and ( |6.52|) that m,2 is an element in 

H°(dP 9 , O dP9 (3a\ dPg + 4F))| m2 = Sym 3 V. 



Now introduce the basis' defined in (|6.33| ), (|6.34j ) and ( |6.35|) . Then 



{u* 3 ,u* 2 v\u*v* 2 ,v* 3 } G Sym 3 V* 

is a basis for Sym 3 V* and 

{u 2 ,uv,v 2 } G Sym 2 V. 
is a basis for Sym 2 V. Furthermore, any section m 2 can be written as 

m 2 = X\u 2 + \ 2 uv + 



where X a ,a = 1,2,3, represent the associated moduli. Using the multiplication rules ( |6.35| ), 
we find that the explicit 2x4 matrix representation of mi in this basis, that is, the Mu 
submatrix of Mjj, is given by 



(6.68) 



(6.69) 



(6.70) 



(6.71) 





u* 3 


u* 2 v* 


uv* 2 


v* 2 






A 2 


A 3 





V 


v 


Ai 


A 2 


A3 



(6.72) 



Let us now compute a matrix block containing Calabi-Yau moduli, for example, M31. This 
corresponds to the xz 2 — yz component of (|6.59|) , where 



H\dP 9 ,O dPg (6a\ dP9 -5F))\ b _ 



-mi92 jji 



H L (dP 9 ,O dPg (9a\ dPg -F))\ 



C-3- 



Note from (|6l0| ) that 



and 



h\dP 9 ,O dP9 (Qa\ dP9 -5F))\ b _ 8 = 7 



h\dP 9 , O d p 9 (9a\ dP9 - F))| c _ 3 = 2. 



Using equations ( |6.48D and (|6.50| ), we can identify 

H\dP 9 ,O dP9 (6a\ dP9 -5F))\ b _ 8 = H (S,O s (Q))* = Sym e V*. 
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(6.73) 



(6.74) 



(6.75) 



(6.76) 



The basis for Sym 6 V* is given by 

{u ,u v ,u v ,u v ,u v ,u v ,v } G Sym V . (6.77) 
A section m% is an element in 

H°(dP 9 ,O dP9 (3a\ dP9 +4F))\ mi = H°(S,O s (l)) = V (6.78) 
and can be written as 

mi = Piu + p 2 v, (6.79) 

where pb, b = 1,2, are the associated moduli. Recall from ( |3.16| ) that g 2 is a section of 
O dPg (AF). Since 

^ (rfP 9 , O d p 9 (4F)) ~ H°(S, O s {A)) (6.80) 

we have 

g 2 = hiu A + /i 2 m 3 w + h 3 u 2 v 2 + h A uv 3 + h 5 v 4 , (6.81) 

where h d ,d = 1, • • • ,5 are the associated Calabi-Yau moduli. Using the multiplication rules 
( |6.35| ), we find that the 2x7 matrix representation of m\g 2 is given by 



u* 6 u* 5 v* u* 4 v* 2 u* 3 v* 3 u* 2 v* 4 u*v* 5 v* 6 

u* I pxhi pih 2 + p 2 h x pih + p 2 h 2 pih 4 + p 2 h 3 pih + p 2 h 4 p 2 h 5 
v* \ pxhi pih 2 + p 2 h l pih 3 + p 2 h 2 pih 4 + p 2 h 3 pih 5 + p 2 h 4 p 2 h 5 

(6.82) 

Continuing in this manner, we can fill out the complete 44 x 44 matrix Mjj. Let us 
parametrize the remaining sections as 

m.4 = p\u 4 + p 2 u 3 v + p 3 u 2 v 2 + p 4 uv 3 + p^v 4 , (6.83) 

where p c ,c = 1, ■ ■ ■ ,5 represent the associated moduli. Also parametrize 

g 3 = t lM 6 + t 2 u 5 v + t 3 u 4 v 2 + t 4 u 3 v 3 + t 5 u 2 v 4 + t e uv 5 + t 7 v 6 , (6.84) 

where t e ,e = 1, ■ ■ ■ ,7 are the associated Calabi-Yau moduli. It is then straightforward to 
compute the determinant of M/j using the programs Maple or MATHEMATICA. The result 
is the following. 
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• The determinant of fc is 

detf c = detM u = 2 20 Q U Q, (6.85) 

where 

Q = Pl p 2 \ 2 - \ lP l - \ 3 pj (6.86) 

and 

Q = Q{\ a ,Pb,Vc,h d ) (6.87) 

is a polynomial of degree 11 depending on all the vector bundle moduli A a , p&, /i c and on 
the Calabi-Yau moduli hd but is independent of the Calabi-Yau moduli t e . Polynomial 
Q has a very complicated form and, hence, we present it in Appendix D. 

Let us emphasize the main differences between this example and the previous one. 

• In this example detfo contains two factors, one of them appearing with multiplicity 
one. This is a very important difference since, later on, we will argue that the vector 
bundle moduli superpotential precisely is equal to detfc- 

• Unlike in the first example, the zero locus of detfc depends not just on vector bundle 
moduli but also on some of the moduli of the underlying Calabi-Yau threefold. 

We conclude this example by pointing out that detfc will vanish precisely on the union of 
the zero loci of the homogeneous polynomials Q and Q. Globally, QQ must be a holomorphic 
section of some complex line bundle over P 9 . Therefore, there must exist a divisor D Q q C P 9 
such that QQ is a section of 

OAD Q q) (6.88) 

and vanishes on the co-dimension one submanifold Dqq of P 9 . This categorizes the space of 
zeroes of the product QQ and, hence, detfc- The exact eight-dimensional submanifold 

Dqq C WH°(S, O s {A) © O s {2) © O s {l)) (6.89) 



can be determined by solving the equation QQ = using (|6.86|) and Qll.l ) from Appendix 
D. 

As a third example, consider 



56 



Example 3 : Here we take 



r = 2, n = 3, a > 5 (6.90) 

and, hence, ir*S = P 1 x T 2 . The vector bundle on this surface is specified by 

3 

b -2a = 3, A = -. (6.91) 
Recall from the previous section, that the cohomology exact sequence under consideration is 
-> H°(S, V\ s (-1)) ^W 3 ^W 4 ^ H\S, V\ s (-1)) -> 0, (6.92) 

where 



W 3 = # (P x T , C P i xT 2(3a|pi xT 2 - 3F)) (6.93) 



and 



W 4 = H 1 ^ 1 x Cpi X T2(6cr|pi xT 2 - 2F)). (6.94) 
The relation of W 3 and W 4 to the cohomology groups on S is the following 

3 3 

W 3 ~ ^(5, Cfe(-3)) ~ H°(S, Cfe(l))' (6.95) 
i=i i 

and 

6 6 

W 4 ~ ^(5, 5 (-2)) ~ #°(<S, (6.96) 

i=i i=i 

The dimension of each of the linear spaces W3 and W 4 is 6 and, hence, the linear map fc 
can be represented by a 6 x 6 matrix. This matrix depends on the parameters of the spectral 
cover restricted to P 1 x T 2 , that is, on the six homogeneous coordinates of the projective 
space 

3 

PiJ^P 1 x T 2 , O p i xT2 (3ct| p i xT2 + F)) ~ ¥H°(S, O s (l)) ^ P 5 . (6.97) 

i=i 

An arbitrary element w 3 G H 1 ^, ©f =1 C < s(— 3)) can be written as 

w 3 = © 5i 2 ] © , (6.98) 
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where B_ 3 ,i = 1,2,3, are elements of the two-dimensional vector space H 1 (S, Os(— 3)). 
Let b% = ir*B% be the lift of B%. We can now write any element w 3 G H (P x 

T 2 , C P i xT 2(3o"|pi X T 2 — 3F)) as 



In a similar way, any element 6 if 1 (P 1 x T 2 , (9pi x r2(6cr|pi X T2 — 2F)) can be expressed as 



where for j = 1, . . . , 6, c 2 — k*C_ 2 are elements of the one- dimensional vector space if 1 (P 1 x 
T 2 , O p i xT 2(— 2F)) and C_2 are elements of H 1 ^, Os{—2)). We now need to express the map 
fc in terms of the data on the curve S. By using (|6.97|) , fc can be written as 



where m k = ir*M k} k = 1,2,3, are elements of ^(P 1 x T 2 , Cpi xr2 (F)) and M k are el- 
ements of the two-dimensional vector space H°(S,Os(l)). Although there are six pa- 
rameters rrif., they are homogeneous coordinates for the five- dimensional projective space 
FH ^ 1 x T 2 , 0pi xT 2(3(x|pi xT 2 + F)). 

Putting this all together, we can specify the linear mapping W 3 W 4 . With respect 
to fixed basis vectors of W3 and W4, the linear map fc is a 6 x 6 matrix. To find this 
matrix, we have to study its action on these basis vectors. The action is generated through 
multiplication by a section fc of the form (|6.101| ). Suppressing, for the time being, the 
vector coefficients &_ 3 and c_ 2 i we see from ( |6.99| ) that the linear space W3 is spanned by 
the following basis vector blocks 



W3 = b^\z + b^lx + b^ly. 



(6.99) 



(1) 2 , (2) . (3) . (4) 2 , (5) . (6) 2 

W4 = c_2 z + C- 2 xz + c_ 2 yz + c_ 2 x + c_ 2 xy + c_ 2 y , 



(6.100) 



fc = m\Z + m 2 x + m 3 y, 



(6.101) 



z, x, y 



(6.102) 



whereas it follows from ( j.lOOj ) that the linear space W4 is spanned by basis vector blocks 




xz, yz, x 2 , xy, y 2 . 



(6.103) 



The explicit matrix Mu is obtained by multiplying the basis vector blocks (|6.102|) by fc 
in ( |6.101|) . Expanding the resulting vectors in W4 in the basis (|6.103|) yields the matrix. We 
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find that Mjj is given by 





Z 


x 


y 


z 2 




o 


o \ 


xz 


m 2 


mi 





yz 


m 3 





mi 


X 2 





m 2 





xy 





m 3 


m 2 


y 2 


V 





m 3 J 



(6.104) 



The matrix Mjj is a 6 x 6 matrix, with every entry in ( |b.l04 ) representing a matrix block 



of dimension 1x2. Let us, for example, find the z 2 — z component of (|6. 104 ) where 



H 1 ^ 1 x T 2 ,O plxT2 (3a| plxT2 -3F))| (1) ^ H 1 ^ 1 x T 2 , O nxT2 (da\ F i xT , - 2F))\ W . 

°-3 c -l 

(6.105) 

Now, we relate data on P 1 x T 2 to data on the curve S. Using equations ( |6.93| )-( |6T9"6"|) , we 
can identify 



^(P 1 x T 2 , CW 2 (3a| plxT2 - 3F))L (1) = H°(S, O s (l)Y 



and 



H^F 1 x T 2 ,0 P i xT2 (6a| P i xT2 -2F))\a) = H°(S,O s ) 

L - 2 

In terms of the two dimensional linear space ( |6.29| ), we see that 

H^F 1 x T 2 ,0 ¥ i xT 2{3a\ P i xT 2 -3F))|. (1) = V* 

°-3 

and 

H^F 1 x T 2 , O plxT2 (6a| P i xT2 - 2F))|m = C. 

c - 2 

Similarly, it follows from ( |6.97| ) and ( |6.29| ) that mi is an element of 

H^F 1 x T 2 ,0 F i xT 2(3a\ P i xT 2+F))\ mi = V. 



(6.106) 



(6.107) 



(6.108) 



(6.109) 



(6.110) 



Now consider the basis' defined in ( |6.33| ), ( |6.34| ) and ( |6.35| ). Then, any section mi can be 
written as 
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(6.111) 



where £ a , a = 1, 2, represent the associated moduli. Using the multiplication rules ( |o.35| ), we 
find the explicit 1x2 matrix representation of m\ in this basis, that is, the M n submatrix 
of M[j is given by 



u v 



H6 6)- (6.H2) 

Continuing in this way, we can construct the entire matrix M/j. The answer is 



M, 



i.) 



( 6 


6 














\ 




r 2 














Ci 


C2 










6 










Tl 


















Ci 




71 


72 




v° 











Ci 


C2 


/ 



(6.113) 



where we have used the following parametrization of m 2 and in terms of the moduli 
Tft, 6 = 1,2, and ( c , c = 1, 2 



"^3 = Ciu + C2^- 



(6.114) 



Surprisingly, the determinant of the matrix (|6.113|) turns out to be identically zero for all 
values of the moduli. We conclude the following. 



The determinant of fa is given by 



detfc = 



(6.115) 



for all values of the moduli. 



Therefore, in this example, unlike in the previous two cases, detfc vanishes identically. Note 
that the data ( |6.90| ) and ( |6.91| ) does not satisfy the first condition in ( |5.46| ). Therefore, in 
the present example, the conditions ( 5.46 ) are not responsible for the vanishing of detfc- 
As a fourth example, consider 
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Example 4 : Here we take 



r = 2, n = 3, a>5 (6.116) 
and, hence, ir*S = P 1 x T 2 . The vector bundle on this surface is specified by 

b -2a = 4, A = |. (6.117) 
Recall from the previous section that the cohomology exact sequence under consideration 

is 

So 



where 



-> H°(S, V\ s (-l)) ^W 5 f ^W 6 ^ H\S, V\ s (-l)) -> 0, (6.118) 



W 5 = //'(P 1 x T , Opi xT 2(3a| P i xT 2 - 5F)) (6.119) 



and 



W 6 = H 1 ^ 1 x T , C P i xT2 (6a| P i xT 2 - 3F)). (6.120) 
The relation of W 5 and to the cohomology groups on S is the following 

3 3 

W 5 ~ ^(5, O s (-5)) ~ #°(<S, 5 (3))* (6.121) 
i=i i 

and 

6 6 

H/ 6 ~ ^(5, Os(S)) * H°(S, Cfe(l))*. (6.122) 

i=l i=l 

The dimension of each of the linear spaces W5 and Wq is 12 and, hence, the linear map 
fc can be represented by a 12 x 12 matrix. This matrix depends on the parameters of the 
spectral cover restricted to P 1 x T 2 , that is, on the nine homogeneous coordinates of the 
projective space 

3 

PiJ^P 1 x T 2 , Cpi T2 (3cr| P i xT 2 + 2F)) ~ ¥H°(S, C 5 (2)) ~ P 8 . (6.123) 

i=i 

An arbitrary element W5 G ^(S, ®f =1 Os(—5)) can be written as 

w 5 = fl« © B (2 l ®B% (6. 124) 
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where B® 5 ,i = 1,2,3, are elements of the four- dimensional vector space Os(— 5)). 

Let b% = ir*B% be the lift of B% We can now write any element w 5 £ H 1 (P 1 x 

T 2 , C P i xT 2(3cr|pi x r 2 — 5F)) as 

W5 = b ( l\z + b { %x + b { %y. (6.125) 
In a similar way, any element We G if 1 (P 1 x T 2 , (9pi x r2(6cr|pi x *r2 — 3F)) can be expressed as 

(1) 2 . (2) (3) . (4) 2 , (5) . (6) 2 Q «\ 

^6 = C- 3 z + c_ 3 xz + c_ 3 yz + c_ 3 x + c_ 3 xy + c_ 3 y, (6.126) 

where for j = 1, . . . , 6, c_ 3 = tt*C_ 3 are elements of the two-dimensional vector space H 1 (P 1 x 
T 2 , Opi xT 2(— 3F)) and C^l are elements of H 1 ^, Os{— 3)). We now need to express the map 
/c in terms of the data on the curve S. By using (|6.123|) , fc can be written as 

f c = m l z + m 2 x + m 3 y, (6.127) 

where = n*Mk, k = 1, 2, 3, are elements of if^P 1 x T 2 , CV x j>2(2.F)) and are elements 
of the three-dimensional vector space H° (S, Os(2)). Although there are nine parameters 
mfc, they are homogeneous coordinates for the eight-dimensional projective space P/7°(P 1 x 
T 2 , C , pi X T2(3cr|pi xr 2 + 2F)). 

fc 

Putting this all together, we can specify the linear mapping W 5 W 6 . With respect 
to fixed basis vectors of W$ and We the linear map fc is a 12 x 12 matrix. To find this 
matrix, we have to study its action on these basis vectors. The action is generated through 
multiplication by a section fc of the form (|6.127| ). Suppressing, for the time being, the 



vector coefficients b_ 5 and c_ 3 we see from Q6.125 ) that the linear space W$ is spanned by 
the following basis vector blocks 

z, x, y (6.128) 
whereas it follows from ( d.126| ) that the linear space We is spanned by basis vector blocks 

z 2 , xz, yz, x 2 , xy, y 2 . (6.129) 



The explicit matrix Mu is obtained by multiplying the basis vector blocks (|6.128|) by fc 
in ( |6.127D . Expanding the resulting vectors in We in the basis (|6.129|) yields the matrix. We 
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find that Mjj is given by 





z 


X 


y 


z 


( 

Tfl\ 


n 

u 


o \ 

u 


xz 


m 2 


mi 





yz 


m 3 





mi 


x 2 





m 2 





xy 





m 3 


m 2 


y 2 


V 





m 3 J 



(6.130) 



The matrix Mu is a 12 x 12 matrix with every entry in ( |6.130| ) representing a matrix block 
of dimension 2x4. Let us, for example, find the z 2 — z component of ( |6.130| ) where 

H 1 ^ 1 x T 2 , P i xr2 (3a| plxT2 - 5F))|,(i) ^ tf^P 1 x T 2 , P i xT2 (6a| plxT2 - 3F))|m. 

°-5 6 -3 

(6.131) 



Now we relate data on P 1 x T 2 to data on curve S. Using equations ( |6.119| )-( |6.122| ), we can 
identify 



H^F 1 x T 2 , O plxT2 (3a| plxT2 - 5F))L (1) = H°{S, O s (3)Y 



and 



^(P 1 x T 2 ,0 P i xT2 (6a| P i xT2 -3F))| c(1) = H°(S, O s (l)Y 
Defining the two dimensional linear space ( |6.29[ ), we see that 

^(P 1 x T 2 , P i xT2 (3a| P i xT2 - 5F))| (i) = Sym 3 V* 

— 5 

and 



H 1 ^ 1 x T 2 ,CW 2 (6<7|pi xT 2 -3F))| (1) = V*. 
Similarly, it follows from ( |6.123| ), (|6.29 ) that mi is an element of 

H ^ 1 x T 2 ,G P i xT2 (3a| plxT2 +2F))\ mi = Sym 2 V. 
Now consider the basis' defined in (|6.33|) , ( |6.34|) and ( |6.35| ). Then 

{u* 3 ,u* 2 v*,u*v* 2 ,v* 3 } e Sym 3 V* 
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(6.132) 



(6.133) 



(6.134) 



(6.135) 



(6.136) 



(6.137) 



is a basis for Sym 3 V* and 

{u 2 , uv, v 2 } E Sym 2 V. (6.138) 

Furthermore, any section m\ can be written as 

mi = aiu 2 + ol^uv + «3f 2 , (6.139) 

where a a , a = 1,2,3, represent the associated moduli. Using the multiplication rules (|6.35| ), 

we can find the explicit 2x4 matrix representation of m x in this basis, that is, the Mu 
submatrix of Mjj. It is given by 

u* 3 




u* 2 v* 


u*v* 2 


v* 3 










(6.140) 




Q 2 


«3 J 





Continuing in this way, we can construct the entire matrix Mjj. The answer is 



M, 



1,1 





«2 


tt'3 


























°) 





a 1 


tt'2 






























P2 







Oil 


a 2 


«3 




















0i 


& 


& 





a 1 


«2 


tt'3 














7i 


72 


73 

















ttl 


tt 2 


Oi3 








7i 


72 


73 

















Oil 




a 3 














/3i 


02 


& 
































0i 


02 


03 


























7i 


72 


73 





0i 


02 


03 




















7i 


72 


73 





01 


02 


03 


























71 


72 


73 





1° 


























7i 


72 


73 / 



(6.141) 



where we have used the following parametrization of mi and m.3 in terms of the moduli 

(3 b , b = 1, 2, 3, and j c , c = 1, 2, 3 

m 2 = 0iu 2 + (3 2 uv + (3 3 v 2 , 

m 3 = liu 2 + + 73W 2 . (6.142) 

We now can compute the determinant and find the following. 
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• The determinant of the matrix Mjj is given by 

detfc = -TZ\ (6.143) 

where 

TZ = ai/^273 - «i/?37 2 + a 2 /9 3 7i - "2/^73 + «3/?i72 - a 3 p 2 li ■ (6.144) 

We conclude this example by pointing out that detfc will vanish precisely on the zero 
locus of the homogeneous polynomial TZ. Globally, TZ must be a holomorphic section of some 
complex line bundle over P 8 . Therefore, there must exist a divisor D-ji C P 8 such that TZ is 
a section of 

P s(D n ) (6.145) 

and vanishes on the co-dimension one submanifold D-ji of P 8 . This categorizes the zeroes of 
TZ and, hence, detfc- The exact co-dimension one submanifold 

D n c ¥H°(S, O s (2) © O s (2) © O s {2)) (6.146) 

can be determined by solving the equation TZ = using (|6.144j) . 



7 Expressions for the Superpotential: 

In the previous section, we computed, for several non-trivial examples, the explicit expres- 
sions for detfc in terms of the associated vector bundle moduli. In each case, h°(z, V\ z (— 1)) 
will be non-zero and, hence, the Pfaffian will vanish if and only if 

detfc = 0. (7.1) 



In special cases, such as those described by conditions (|5.46 ) or Example 3, detfc may vanish 



everywhere in moduli space. In these cases, the conclusions are straightforward. The Pfaffian 
and, hence, the superpotential W vanish for all values of the moduli. That is, 

W = 0. (7.2) 

Generically, however, detfc will not vanish, as was shown explicitly in Examples 2, 1 and 
4. However, even in this case, there will always be a divisor D of the vector bundle mod- 
uli space where ( [7. 1| ) is satisfied. For Examples 2, 1 and 4, this divisor is given in equa- 
tions Q6.44D , ( 6.89Q and Q6.146Q respectively. Therefore, on D, detfc and, hence, the Pfaffian 



vanish. This will allow us to explicitly compute the Pfaffian. 
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To proceed, note that the Pfaffian of the chiral Dirac operator in 8k + 2 dimensions also 



represents a global section of a line bundle over the space of parameters (see |35| for a review). 
That it is a section, rather than a function, is a reflection of the fact that the Pfaffian is not 
gauge invariant. In our case, it is a global section of a line bundle over F N . Any global section 
of a line bundle over F N is known to be a homogeneous polynomial. This means that the 
Pfaffian must be a polynomial. Furthemore, we have shown that this polynomial vanishes 
precisely along the same zero locus as detfc- Therefore, since F N is compact, the Pfaffian 
and detfc must be equal to each other up to a possible power. One can define a purely 
algebraic analogue of Pfaff(lL). A more careful analysis of our argument shows that, quite 
generically, the algebraic version of Pfaff(IL) equals detfc, up to a constant. Furthermore, 



it was shown in [3f| |37], |38| that the algebraic and analytic notions of Pfaff(XL) agree. 
Therefore, 

Pfaff(XL) oc detfc- (7.3) 

One can now present the final answer for the vector bundle moduli contribution to the non- 
perturbative superpotential. Since the superpotential is proportional to the Pfaffian, we 
conclude that 

W oc detf c . (7.4) 

Let us now illustrate this explicitly for the three examples considered above. The ordering 
of the examples will be the same as in the previous subsection. 



Example 2 : In this example, detfc is a polynomial of degree 20, so it is a global section 
of the line bundle of degree 20 over P 12 . 

• The superpotential equals 

W oc V\ (7.5) 

where 

V = XlX303 - X 2 lX2fo<pA - 2X1X30301 - 
X1X2X30302 + X2X30103 + 4>\x\ ~ 
20204X3X? + XlXl4>l + 30104X1X2X3 + 

02X104X2 + 0lX3 - 02X201X3 - 040lX2' ( 7 - 6 ) 
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Note that W depends on only seven of the thirteen projective vector bundle moduli which 
parameterize P 12 . 

Example 1 : In this example, detf c is a polynomial of degree 44 on the projective space 
P 9 . 

• The superpotential is given by 
where 

Q = P1P2A2 - A1P2 - A 3 p 2 (7.8) 

and Q = Q(X a , Phi He, h^) is given in the Appendix D. 

Note that the superpotential depends on all ten projective vector bundle moduli which 
parameterize P 9 and, in addition, contains non-trivial interactions between vector bundle 
moduli and some moduli of the underlying Calabi-Yau space. 

Example 4 : In this example, detfc is a polynomial of degree 12 depending on nine homo- 
geneous variables and, therefore, it is a global section of the line bundle of degree 12 over 
P 8 . 

• The superpotential is 

W oc TZ\ (7.9) 

where 

TZ = ai(3 2 l3 - + c^/^Ti - + «3/3i72 - azfcli- (7-10) 

Note that W depends on all nine projective vector bundle moduli which parameterize 
P 8 . As in Example 2, W is given by a perfect power of a polynomial. 

8 Appendix A: Evaluation of J Vge~ Swzwo 

In this Appendix we will evaluate the path integral 

J Vge~ Swzwo , (8.1) 
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W oc Q U Q, 



(7.7) 



where 

Swzwo = -3- / da dahYl-Vhh ij (u}i- Ai)(u}j - Aj) +ie lj u i A j )} 
8vr J z 2 

+ — [ d 3 aie rj hiuW,u',, (8.2) 
24 J B k o 1 v ' 

the Lie algebra valued one form uo is given by 

to = g- l dg (8.3) 

and Ai is the pullback of the Hermitian connection on the Calabi-Yau threefold X to the 
holomorphic curve z. If we introduce the complex coordinates on z 

a = a° + ia 1 , a = a - 1a 1 , (8.4) 

the action Swzwo can be written as 

Swzwo = S(g) + J d 2 atxu s A a - J d 2 atxA^A a , (8.5) 

where 

dV = dada (8.6) 

and 

S(ff) = ~ [ d 2 atr(g- 1 d a g)(g- 1 d,g) + 7 ±- [ d^iShi{g^d h g'){r l d^){g'- l d l9 ') 

OTT J z 247T J B J 

(8.7) 

is the WZW action with zero background gauge field. Since Aj is a connection on a holo- 
morphic vector bundle and, hence, satisfies the Hermitian Yang-Mills equations, in any 
neighborhood U C z it is of the form 

A a = d a a ■ a~\ A^ = d^a)~ l ■ a\ (8.8) 

where a is a map from U to the complexification of the structure group G. Using flS.8|) and 
the Polyakov-Wiegmann identity f3T 



SYaia 2 ) = S(ai) + S(a 2 ) + — [ d 2 atr(a 1 1 d^ai)(a 2 d (7 a 2 1 ), (8.9) 

4tt J z 

the action ( |8.5 ) can be re-written as 

S W zwo = S(ga) - S(a) - I d 2 a(d a a ■ a' 1 )^- 1 ■ a f ). (8.10) 

68 



It is now easy to evaluate the integral (|8.1| ). Since T>g is the right-invariant group measure, 
the integral 

-S(ga) 



Vge- bK9a) (8.11) 

is a constant, independent of a and, hence, of the vector bundle moduli. Therefore, we have 
the following result for the integral (|8.1|) 



j Vge~ Swzwo oc exp (s(a) + ^ jf d 2 atr(d a a ■ a~ l )(d^a ] ~ l • a f )^ , (8.12) 

where the functional S is defined in ( |8.7| ) with g replaced by a and the relation between a 
and the gauge connection A is given in (|8.8| ). Note that the result is expressed in terms of 
a rather than the gauge connection A. It does not appear to be possible to present Q3.12 ) 
soley in terms of the gauge connection. Also, note that a is globally defined since A is. 

Equation ( |8.12j ) represents the general formula for the vector bundle moduli superpoten- 
tial and, also, for the Pfaffian of the chiral Dirac operator twisted by a holomorphic vector 
bundle whose structure group is contained in SO (16) x SO (16). To find the explicit result, 
one has to find an exact solution of the Hermitian Yang-Mills equations on a Calabi-Yau 
threefold together with the integration constants, pull it back to the curve z and perform the 
integration over the curve. As we discussed in Section 2, this procedure is problematic since 
no solutions of the Hermitian Yang-Mills equations on a Calabi-Yau threefold are known. 

It is straightforward to check that the expression in the exponent in ( |8.12j ) transforms 
under a gauge transformation with parameter e as 

i 



5 7T 



dVtr(ecL4). (8.13) 



This anomaly is cancelled by the variation of the 5-field [BJ 

SB = -Ur(etL4), (8.14) 
on 

leaving the superpotential (|2.17 ) gauge invariant .[] Note that expression (|8.13|) precisely 
equals the anomaly of the square root of the chiral Dirac operator. 



9 Appendix B: Spectral Data and SU(n) Vector Bun- 
dles 



lr rhe coefficients in Q8.13Q and flS.14| ) are different from those in [BJ since we are following the conventions 
of ||, 0] for the normalization of the Wess-Zumino-Witten term. 
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9.1 Elliptically Fibered Calabi-Yau Threefolds: 

In this Appendix, we will consider Calabi-Yau threefolds, X, that are structured as elliptic 
curves fibered over a base surface, B. We denote the natural projection as it : X — > B and 
by a : B — > X the analytic map that defines the zero section. 

A simple representation of an elliptic curve is given in the projective space CP 2 by the 
Weierstrass equation 

zy 2 = Ax 3 - g 2 xz 2 - g 3 z 3 , (9.1) 

where (x, y, z) are the homogeneous coordinates of CP 2 and g 2 , g% are constants. This same 
equation can represent the elliptic fibration, X, if the coefficients g 2 , g 3 in the Weierstrass 
equation are functions over the base surface, B. The correct way to express this globally is 
to replace the projective plane CP 2 by a CP 2 -bundle P — > B and then require that g 2 , gz be 
sections of appropriate line bundles over the base. If we denote the conormal bundle to the 
zero section a(B) by £, then P = ¥(Ob © £ 2 © C 3 ), where P stands for the projectivization 
of the vector bundle. There is a hyperplane line bundle Op(l) on P which corresponds to 
the divisor P(£ 2 ©£ 3 ) C P and the coordinates x, y, z are sections of Op{l) <8> C 2 , Op{l)® C 3 
and Op(l) respectively. It then follows from ( |9.1| ) that the coefficients g 2 and g 3 are sections 
of £ 4 and £ 6 . 

It is useful to define new coordinates, X, Y, Z on X by x = XZ, y = Y and z = Z 3 . It 
follows that X, Y, Z are now sections of line bundles 

X ~ O x {2a) ® £ 2 , Y ~ O x (3(r) <8> £ 3 , Z ~ O x (a) (9.2) 

respectively, where we use the fact that 0x(3cx) = Op(l)\x- The coefficients g 2 and g 3 
remain sections of line bundles 

g 2 ~ £\ g 3 ~ C 6 . (9.3) 

The symbol "~" simply means "section of" . 

The requirement that elliptically fibered threefold, X, be a Calabi-Yau space constrains 
the first Chern class of the tangent bundle, TX, to vanish. That is, 

Cl (TA) = 0. (9.4) 

It follows from this that 



£ = K B \ 
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(9.5) 



where Kb is the canonical bundle on the base, B. Condition fl9.5|) is rather strong and 
restricts the allowed base spaces of an elliptically fibered Calabi-Yau threefold to be del 
Pezzo, Hirzebruch and Enriques surfaces, as well as certain blow-ups of Hirzebruch surfaces 
i0[ . The definitions and properties of these surfaces have been reviewed in ||16|| . In this 



paper, we will primarily be concerned with the case 

B = F r (9.6) 



where r is any non- negative integer. Recall from Jl6j that the homology group H 2 (¥ r} Z) has 



as a basis of effective classes S and £ with the intersection numbers 

S 2 = -r, S-S = l, S 2 = (9.7) 
and that the Chern classes are given by 

Ci(F r ) = 2S + (r + 2)S, c 2 (F r ) = 4. (9.8) 



Spectral cover Description of SU (n) Vector Bundles: 

As discussed in f34| , f£T| , SU(n) vector bundles over an elliptically fibered Calabi-Yau three- 
fold can be explicitly constructed from two mathematical objects, a divisor C of X, called the 
spectral cover, and a line bundle M on C. In this paper, we will consider only stable SU (n) 
vector bundles constructed from irreducible spectral covers. In addition, we will impose the 
condition that the spectral cover be a "positive" divisor. 

Spectral Cover 

A spectral cover, C, is a surface in X that is an n-fold cover of the base B. That is, 
ttc : C — ► B . The general form for a spectral cover is given by 

C = na + 7T*r], (9.9) 

where a is the zero section and r] is some curve in the base B. The terms in ( |9.9|) can be 
considered either as elements of the homology group H±(X, Z) or, by Poincare duality, as 
elements of cohomology H 2 (X, Z). 

In terms of the coordinates X, Y, Z introduced above, it can be shown that the spectral 
cover can be represented as the zero set of the polynomial 

s = a Z n + a 2 XZ n ~ 2 + a 3 YZ"- 3 + . . . + a n X? (9.10) 
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for n even and ending in a„X™2 Y if n is odd, along with the relations fl9.2|) . This tells us 
that the polynomial s must be a holomorphic section of the line bundle of the spectral cover, 
O x {C). That is, 

s ~ O x (na + 7T*r]). (9.11) 

It follows from this and equation (|9.2j ), that the coefficients a, in the polynomial s must be 
sections of the line bundles 

(H ~ tt*K b ® O x (tt*v) (9-12) 

for i = 1, . . . , n where we have used expression (|9.5f) . 

In order to describe vector bundles most simply, there are two properties that we require 
the spectral cover to possess. The first, which is shared by all spectral covers, is that 

• C must be an effective class in H^(X, Z). 

This property is simply an expression of the fact the spectral cover must be an actual surface 
in X. It can easily be shown that 

C C X is effective •<=>- r\ is an effective class in i?2(-B,Z). (9.13) 

The second property that we require for the spectral cover is that 

• C is an irreducible surface. 

This condition is imposed because it guarantees that the associated vector bundle is stable. 
In this paper, we require a third condition on the spectral cover, namely that 

• C is positive. 

This condition is imposed because it allows one to use the Kodaira vanishing theorem and 
the Lefschetz theorem when evaluating the number of vector bundle moduli. These theorems 
greatly simplify this calculation. By definition, C is positive (or ample) if and only if the 
first Chern class of the associated line bundle Ox{C) is a positive class in Hp R (X, R) . An 
equivalent definition of positive is the following. C is a positive divisor if and only if 

C-c>0 (9.14) 



for every effective curve c in X. 



72 



In order to make these concepts more concrete, we take the base surface to be 

B = ¥ r (9.15) 

and write the conditions under which the three properties stated above are satisfied. Then, 
in general, C is given by expression ( |9.9| ) where 

r] = aS + b£ (9.16) 

and a, b are integers. One can easily check that 77 is an effective class in F r and, hence, that 
C is an effective class in X, if and only if 

a>0, b>0. (9.17) 

It was shown in [2^] that C is irreducible if and only if 

b>ar (9.18) 

and 

a>2n, b>n(r + 2). (9.19) 



Finally, it was shown in [II] using expressions ( p.7| ) and ( |9.8| ) that spectral cover C will be 
positive if and only if 



a>2n, b> ar - n(r -2). (9.20) 



The Line Bundle Af 



As discussed in [TI], in addition to the spectral cover it is necessary to specify a line 
bundle, Af, over C. For SU (n) vector bundles, this line bundle must be a restriction of a 
global line bundle on X (which we will again denote by Af), satisfying the condition 

Ci(A0 = n(i + X)a + (i - \)tt* V + (i + n\)n* Cl (B) } (9.21) 

where Ci(Af), C\(B) are the first Chern classes of Af and B respectively and A is, a priori, a 
rational number. Since ci(AT) must be an integer class, it follows that either 

n is odd, A = m + - (9.22) 

or 

n is even, A = m, r] = ci(B) mod 2, (9.23) 

where m e Z. 
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SU(n) Vector Bundle 



Given a spectral cover, C, and a line bundle, A/", satisfying the above properties, one can 
now uniquely construct an SU(n) vector bundle, V. This can be accomplished in two ways. 



First, as discussed in ||41| , the vector bundle can be directly constructed using the associated 
Poincare bundle, V. The result is that 

V = n 1 *(n* 2 Af®V), (9.24) 

where tti and 7r 2 are the two projections of the fiber product X x B C onto the two factors 



X and C. We refer the reader to |4T], [42] for a detailed discussion. Equivalently, V can be 
constructed directly from C and M using the Fourier- Mukai transformation, as discussed in 
34] , PH . Both of these constructions work in reverse, yielding the spectral data (C,J\f) up to 



the overall factor of Kb given the vector bundle V. Throughout this paper we will indicate 
this relationship between the spectral data and the vector bundle by writing 



(C,A0 



V. 



(9.25) 



The Chern classes for the SU(n) vector bundle V have been computed in [|34]] and [j42|, |43 
The results are 



ci(V)=0 

since trF = for the structure group SU(n), 

c 2 (V) = Ti*Tj • o Ivr^OB) V - n) + ^(A 2 - ±)n7r*( V ■ ( V - n Cl (B))) 

and 

c 3 (V) = 2Xa-ir*(r ] -(r ] -nc 1 (B))). 



Finally, we note that it was shown in |42j that 



c 3 (V) 



'gen ^ 

gives the number of quark and lepton generations. 



(9.26) 



(9.27) 



(9.28) 



(9.29) 



10 Appendix C: The Direct Image Tr^O^siAa^s + fF) 

The goal of this Appendix is to show how to find the direct image of the line bundle 

0^ s (Aa\^s + fF), A>0 (10.1) 
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on the curve S C F r used throughout the paper. 
First, note that 



0„*s{A<j\^s + fF) = 0^ s {Aa\^s) ® O n * s (fF) = 0^ s (Aa\^ s ) <g> n*O s (f). (10.2) 
From the projection formula 

K*{F®n*G) = {-k^)®G (10.3) 

for arbitrary bundles T and Q, it follows that 

7r,0^s(Aa\^s + fF) = it*0^ s {Aa\ n * s ) ® O s (f). (10.4) 

This implies that it is enough to find TT*O n *s{Aa\ n *s)i which can be done by induction. To 
begin with, consider the short exact sequence 

-> a*s -> O n * s (a\ n * s ) -> CW^s)!^ -> 0. (10.5) 

The inclusion 

a* 5 ^ ew^s) (10.6) 

induces a sheaf map 

i : n+O^s ^ 7T*CW(crU*s)- (10- 7 ) 

For each point p <E S, consider a map 

i p : H (F p ,O Fp ) - H\F p ,0 Fp {{o\^ s )\ Fv )), (10.8) 

where F p is the elliptic fiber above the point p. Since a\ n *s intersects F at one point, it 

follows that the degree of the line bundle OF p ((cr\ n *s)\Fp) is one and, hence, it has a unique 
global holomorphic section. Therefore, the map i p is an isomorphism, so 

^CWH^s) ~ TtJD^s - o s . (10.9) 

Thus, we have found the direct image of the line bundle O n *s(Aa\ n *s) for A — 1. Now, 
consider the sequence 

-> 0„* s (aU* s ) -> a. 5 (2o-|^ 5 ) -> O ff . 5 (2<r| w . 5 ) -> (10.10) 
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and take its direct image, remembering that the direct image of the first term was already 

found in ( |10.9| ). By using the facts that the last term in the sequence can be written 
as n*Os(2cr \ w * s ■ cr\n*s)\er\ v * s and all higher direct images vanish by the Kodaira vanishing 
theorem, we obtain 

-> O s -> Tr*O n * s {M**s) O s (2(r - 2)) -> 0, (10.11) 

where the intersection property [11 

a\n*s ■ <r\n*s = "(2-r) (10.12) 

has been used. Since the extention group 

Ext(O s (2(r - 2)), O s ) ~ H\S, O s (2(r- - 2))* ® 5 ) ~ #°(S, G 5 (2r - 6))* (10.13) 

vanishes for r = 0, 1, 2, we have 

^O^siM^s) ^O s ® O s {2{r - 2)). (10.14) 

Therefore, we have found the direct image of the line bundle TT^O^*s{Acr\^*s) f° r A = 2. 
Continuing this way we obtain 

A 

ic*0*. s (AtT\*'s) - O s © O s (i(r - 2)) (10.15) 

i=2 

for arbitrary A > 1. Tensoring with Os(f), we get 

7r*a*s(A7U + /F) ~ ©00 5 (/ + i(r - 2)) (10.16) 

4=2 

for arbitrary A > 1. 
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11 Appendix D: The Polynomial Q 



Here, we give the expression for the polynomial Q that arises in Example 2 of Section 5. We 
found that 

Q = 48/i? A 2 p* - 48p^A 2 - 2p 2 p\Xl + 2p A p\X\ - h 2 p\X\ + h A p\X\ - 2Ap 3 p 2 p\X 2 p\ - 
12p 3 p 2 p\p%X x + 120p 3 p 2 p*\ 3 p 2 + 96p 5 piPip 2 Ai - 96p 5 piPiA 3 p 2 + 48p 3 p 1 p 1 p 7 2 \ 1 + 
48p 3 /iiPiA 2 P2 - 144p 3 pip^A 3 p2 - 72p 4 piPip^Ai - 24p 4 pip^A 2 p 2 + 120p 4 piPiA 3 p 2 - 
120p 4 p 3 piP2Ai + 2Ap±p 3 p\X 2 p\ + 72p 4 p 3 p^A 3 p2 - 168p 5 p 4 p^p2Ai + 72p 5 p 4 pjA 2 p 2 + 
24p 5 p 4 p^A 3 - 48p 5 p 3 p[A 3 p 2 - 48p 5 p 3 p^A 2 p 2 ; + 144p 5 p 3 p^p^A! - 2h h p\X\p\ + 
72p 5 p 2 pl\ 3 p 2 2 - l2h^X lP \X 2 X 3 p 2 2 + Ah 5 p\p\\\ + 24p 5 p 2 p^A 2 p^ - 24p 2 p lP 2% - 
120p 5 p 2 piP 2 Ai - 2h b p\X\X 2 - 3h 4 p\pl\\ - 72p 2 p 1 \ 2 p 1 p 7 2 + 8/i 5 A?p^A 3 p^ - 
10/i 5 AiPiA 2 p 2 - 96p 4 p 2 p^A 3 p^ + 96p 4 p 2 p?P 2 Ai + lQ%p 2 pip\X 3 pl + h±p\X\p\ + 
2h 3 p x p\X\ - 2h 3 p\X\p 2 - $h±X\p\X 3 p% + lh±X\p\X 2 p\ + Ah 5 pl\ 3 \ 2 2 p 2 + 
4/i 5 AiPiA 3 p 2 + 8/i 5 AiPiA 2 p 2 - 2/i 3 p^A 3 A 2 p 2 - 2/i 3 AiP?A 3 p 2 + 6/i 4 AiPiA 2 A 3 p 2 + 
2h 3 X lP \X 2 2 p\ + 2h 3 \jp 3 1 \ 3 p 5 2 - Ah 3 \jpj\ 2 pl - h iP \\l\ 2 p 2 - h±p\\ 3 \\p\ - 
h A \ lP \\\p\ - ^h A X x p\X\p\ + 2h x p\\\p\ + 2h x X\X 2 p\ + Zh 2 p\X\p\ - 
h 2 p\X\p\ + Ah 3 p\\l\ 2 p 2 2 - AhxplXlpl + bh 2 \ip\\lp 2 + h 2 X x p\X\p\ + 
h 2 X\p\X 3 p\ + h 2 \ 2 1 \ 2 p 1 p 7 2 - 6/i 2 Aip?A 2 A 3 p^ - 2p^p\\\p 2 - 2p 3 X\X 2 p% - 
2^X1X1 + 2p 5 p\X 3 X 3 - 8p 5 PiP 2 Af + hh 2 p\X 3 X 2 2 p\ + 2p 3 p6A|A 2 - 
8h lP lX 3 X 2 2 p 5 2 - ZfuX^lXlpl - 4p 5 Aip^A 3 A^p 2 - Ah 1 X 1 X 2 2 p 1 p 7 2 - AhX^X^l + 
12/i 1 A 1 p?A 3 A 2 p^ - 7h 2 p\XlX 2 p\ + 2p 4 Aip^A^ - 10p 4 Aip^A 3 A^p2 + 20p 5 p2A 2 p^A^ + 
20p 4 A?p3A 2 A 3 p3 + lOh^XjX^t - 2p 2 X 3 p%X\ + 2p 2 X\X 2 2 pl + 2p 3 X\X 2 2 p lP l + 
8p 3 A?piA 3 p^ - 2p 1 AiA 2 ! p 2 + lOpsAipfA^Aap^ + 2^p\X 3 X\p 2 - lQpA\p\X 2 3 p 2 2 - 
10p 4 AiPiA 3 p2 - 10p 3 AiPiA 3 A 2 p2 - 2p 4 A^A 2 pip2 - 4p 5 Ai P , j i A 3 A 2 + 6p 4 AiPiA 3 A 2 p 2 + 
lOpsAipfA^p^ + 8p 5 A?p^2p2 - 2QpL b X\p\Xlp z 2 + 2p 1 p 1 A 2 t p 2 + %Hip\X\p 2 - 
6p 2 AiPiA 2 A 3 p 2 - 2p 3 piA 3 A 2 p 2 - 8p 3 AiPiA 3 p 2 + 96p5p[p 2 Ai + 10p 2 AiPiA 3 p 2 + 
12p\p\p\X x - 24p^A 3 p 2 + 4p 1 A?A 2 A 3 p 2 1 + 2p 2 p^A 2 A^p 2 + lOpaAip^A^ + 
10p 2 AipfA^ - 2p 2 AiPiA^ - SpiA^piA^ - 20p 2 A 1 p?A2A 2 p^ + 24p;;piP 2 Ai + 
20p 1 p?A 2 : A 3 ; p 2 ; - \^p\\\\ z p\ + 2^ 2 p 2 X 2 p 6 2 - 72p 2 ! p?A 3 p 2 i + 48p 3 ; p?p 2 'A 1 - 
24p 4 p?A 2 p 2 ! - 96p 2 lPl X 3 p 7 2 - 20p 1 p?A 2 A 3 ! p 2 ; - 48p^A 3 p^ + 4p 1 A 1 p 1 A 2 : A 3 p 2 '. (11.1) 
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